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INTRODUCTION
It is well-known that, for the systems with finite motion, one can introduce the distinguished
set of phase space variables (the “action-angle” variables), such that the “angle” variables
parameterize a torus, while their conjugated “action” variables are functions of constants of
motion only [1]. As a consequence, the Hamiltonian depends only on action variables. The
formulation of an integrable system in these variables gives us a comprehensive geometric
description of its dynamics. Such a formulation defines a useful tool for the developing of
perturbation theory [1, 2], since the “action” variables define adiabatic invariants of the system.
The action-angle formulation is important from the quantum-mechanical point of view as well,
since in action-angle variables the Bohr-Sommerfeld quantization is equivalent to the canonical
quantization, with trivial expressions for the wavefunctions. Hence, evaluation of quantum-
mechanical aspects of such system becomes quite simple in this approach.
Besides the practical importance, the action-angle formulation has an academic interest as well.
From the academic viewpoint, it gives a precise indication of the (non)equivalence of different
Hamiltonian systems. Indeed, gauging the integrable system by action-angle variables, we
preserve the freedom only in the functional dependence of the Hamiltonian from the action
variables, H = H(I), and in the range of validity of the action variables, Ii ∈ [β−i , β+i ]. Hence
formulating the systems in terms of action-angle variables, we can indicate the (non)equivalence
of different integrable systems. Let us refer, in this respect, to the recent paper [3], in which,
particularly, the global equivalence of A2 and G2 rational Calogero models, and their global
equivalence with a free particle on the circle, has been established in this way.
Due to the recent progress in nanotechnology, now the fabrication of various low-dimensional
systems of complicated geometric form (nanotubes, nanofibers, spherical and cylindrical layers)
is becoming possible [4]. In these context the methods of quantum mechanics on curved space
should be relevant for the description of the physics of nanostructures. The common method
for the localizing of the particle in the disc or in the cylinder is that of the two-dimensional
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oscillator for the role of the confinement potential. Similarly, for the localization of the particle
in quantum lens (e.g. GaAs/In1−xGaxAs, see [5]) one can use the Higgs model of the spherical
oscillator defined by the potential VHiggs =
1
2
ω2r20 tan
2 θ [6]. Another confinement potential
which could be used for the localization of the (quasi)particles in quantum lens, is the potential
of the so-called CP 1 oscillator VHiggs = 2ω
2r20 tan
2 θ/2 [7]. The advantage of the latter potential
is that a system with such confinement potential preserves the exact solvability after inclusion
of magnetic field, which has a constant magnitude on the sphere surface.
The fabrication of semiconductor ring-shaped systems [8], presently referred to as quantum
rings (e.g. In(Ga)As - two-dimensional quantum rings), led to the use of the singular oscillator
potential with the role of the confinement one. A pioneering work on the theoretical study
of the impact of the magnetic field on the electron properties in a quantum ring was written
by Chakraborty and Pietelainen [9]. In that paper the shifted oscillator potential VChP =
β(r − r0)2 was choosen as the confinement potential restricting the motion of electrons in the
quantum ring. The results obtained within this approximation are in a good correspondence
with experimental data. The quantum ring model of Chakraborty and Pietelainen is not exactly
solvable in the general case, it assumes the use of numerical simulations. The quantum ring
model based on the singular oscillator system [10] has been suggested as an analytically solvable
alternative to the Chakraborty-Pietelainen model. Although calculations performed within the
Chakraborty-Pietelainen model are in better correspondence with experimental data than those
within the singular oscillator potential [11], the latter has its own place in the study of quantum
rings (see,e.g. [12]).
In analogy with the above models, one can suppose, that singular versions of two-dimensional
Higgs and CP 1 oscillators may be appropriate candidates for the confinement potential local-
izing the motion of the electron in the ring of a spherical quantum layer.
In Chapter 1 we start with presenting the general procedure of constructing the action-angle
variables for an arbitrary system with finite motion. Then, in Section 1.2, action-angle variables
are used for the study of a quantum ring model with two-dimensional singular oscillator poten-
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tial, and of its two spherical generalizations, based on the Higgs and CP 1 spherical oscillator
potentials. It is easy to observe that the (singular) Higgs oscillator does not preserve its exact
solvability in the presence of a constant magnetic field, in contrast to the Euclidean one. While
the study of quantum dot systems in a magnetic field is of a special physical importance. In
contrast with the Higgs oscillator, the singurar CP 1 oscillator preserves the exact solvability
property upon inclusion of the constant magnetic field. These tell us the area of application of
the Higgs oscillator potential and of the CP 1 oscillator one. The Higgs model is useful for the
behavior of the quantum dots systems in the external potential field, e.g, in the electric field.
The CP 1 model should be applied for the study of the behavior of a spherical quantum dots
model in the external magnetic field.
The aim of Chapter 2 is to construct integrable generalizations of the well-known oscillator
and Coulomb systems on N -dimensional Euclidian space RN , sphere SN and hyperboloid HN .
We show, that if we have an angular (spherical) Hamiltonian, we can add a radial part to
it, thus increasing the dimension by one (the phase space dimension is increased by two).
We compute the explicit expressions for action-angle variables for systems with oscillator and
Coulomb potentials. Using this formulae, we prove the superintegrability of Tremblay-Turbiner-
Winternitz (TTW, [13, 14]) and Post-Winternitz (PW, [15]) models. Then we construct the
spherical and pseudospherical generalizations of the TTW and PW systems, write down their
hidden constants of motion, thus demonstrating the superintegrability of these new systems.
Additionally, we provide the action-angle variables for a free particle on the (N−1)-dimensional
sphere, which yields the complete set of action-angle variables for the N -dimensional oscillator
and Coulomb systems as well as their spherical and pseudospherical analogs.
Conformal invariance plays an important role in many areas of the quantum field theory and
condensed matter physics, especially in the string theory, the theory of critical phenomena,
low-dimensional integrable models, spin and fermion lattice systems. The term “conformal
mechanics” denotes a system whose Hamiltonian H , together with the dilatation generator D
and the generator K of conformal boosts forms, with respect to Poisson brackets, the confor-
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mal so(2, 1) algebra. This property allows one to introduce a coordinate transformation which
transforms the Hamiltonian into the ”conventional” Hamiltonian of (one-dimensional) confor-
mal mechanics [16]. This means, that with the corresponding selection of new radial coordinate
and momentum, we split the generic conformal mechanical system into a radial and an angular
part. The latter defines a new Hamiltonian system on the orbit of the conformal group, with
Casimir function I of the conformal algebra so(2, 1) in the role of the Hamiltonian. Casimir
function I does not depend on the new radial coordinate and momentum, and is called the
spherical or angular part of the Hamiltonian. It commutes with all generators of so(2, 1) and
defines a constant of motion of the initial Hamiltonian H . So, although conformal symme-
try is not a symmetry of the Hamiltonian, it equippes the system with the additional (to the
Hamiltonian) constant of motion.
Chapter 3 is devoted to the study of conformal mechanics. We develop a general approach to
the constants of motion for conformal mechanics, based on so(3) representation theory. We
present the procedure of separating the radial and angular parts of conformal mechanics. Then
we study the angular part as a new Hamiltonian system (master mechanics) with finite motion.
We find the constants of motion of master mechanics from the constants of motion of the
initial conformal system. We illustrate the effectiveness of our method on the example of the
rational A3 Calogero model and its spherical mechanics (which defines the cuboctahedric Higgs
oscillator). For the latter we construct a complete set of functionally independent constants of
motion, proving its superintegrability.
The suggested method, i.e., separating the radial and angular parts of conformal mechanics
and studying the angular part using the action-angle variables, was effectively implemented in
the study of extremal black holes.
The black hole solutions allowed in supersymmetric field theories have an extremality property,
that is, the inner and outer horizons of the black hole coalesce. In this case one can pass to
the near-horizon limit, which brings us to new solutions of Einstein equations. In this limit
(near-horizon extremal black hole) the solutions become conformal invariant. The conformal
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invariance was one of the main reasons why the extremal black holes have been payed so much
attention to for the last fifteen years. Indeed, due to conformal invariance black hole solutions
are a good research area for studying conformal field theories and AdS/CFT correspondence
(for the recent review see [17]). The simplest way to research this type of configurations is to
study the motion of a (super)particle in this background. The first paper that considered such a
problem is [18], where the motion of particle near horizon of extremal Reissner-Nordstro¨m black
hole has been considered. Later similar problems in various extremal black hole backgrounds
were studied by several authors (see [19, 20, 21] and refs therein).
In Chapter 4 we study the conformal mechanics associated with near-horizon motion of massive
relativistic particle in the field of extremal black holes in arbitrary dimensions. In 4.1 we prove,
that by applying a proper canonical transformation one can bring the above mentioned model
to the conventional conformal mechanics form. Important information about the d-dimensional
system, is thus imprinted in the (d−2)–dimensional spherical mechanics. In 4.2 we demonstrate
the near-horizon limit of extremal black holes on the cases of 4-dimensional Kerr black hole
and higher-dimensional Myers-Perry black holes.
Section 4.3 is devoted to study of the following two 4-dimensional exactly solvable systems:
• Charged particle moving near the horizon of extremal Reissner-Nordstro¨m black hole with
magnetic momentum,
• Particle moving near the horizon of extremal Cle´ment-Gal’tsov black hole.
We construct the action-angle variables for the angular parts of this systems. We show that the
angular part of a charged particle moving near the horizon of Reissner-Nordstro¨m black hole is
equivalent to the spherical Landau problem, and has a hidden constant of motion. We find a
“critical point” that divides the different phases of effective periodic motion. Then we discuss a
charged particle moving near the horizon of extremal Cle´ment-Gal’tsov black hole. In contrast
with Reissner-Nordstro¨m case, this system does not possess hidden constant of motion. We
find a critical point that divide the phases (both effectively two-dimensional ones) of rotations
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in opposite directions.
In Chapter 5 we analyse the integrability of spherical mechanics models associated with the
near horizon extremal Myers-Perry black hole in arbitrary dimension for the special case that
all rotation parameters are equal. We prove the superintegrability of the system and show
that the spherical mechanics associated with the black hole in odd dimensions is maximally
superintegrable, while its even-dimentsional counterpart lacks for only one constant of the
motion to be maximally superintegrable.
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1 ACTION-ANGLE VARIABLES
1.1 Action-angle variables: General description
The well-known Liouville theorem gives the exact criterium of integrability of theN -dimensional
mechanical system (integrability in the Liouville sense or, so-called, Liouville integrability):
that is the existence of N mutually commuting constants of motion F1 = H, . . . , Fn: {Fi, Fj} =
0,i, j = 1, . . .N . The theorem also states that if the level surface Mf = ((pi, qi) : Fi = const)
is a compact and connective manifold, then it is diffeomorphic to an N -dimensional torus TN .
The natural angular coordinates Φ = (Φ1, . . . ,ΦN ) parameterizing that torus satisfy the motion
equations of a free particle moving on a circle. These coordinates form, with their conjugate
momenta I = (I1, . . . , IN), a full set of phase space variables called “action-angle” variables.
One of the results of the theorem is that the momenta I depend on constants of motion only:
I = I(F) (which makes I a new set of constants of motion). So, there must be a canonical
transformation to the new variables (p,q) 7→ (I,Φ), in which the Hamiltonian depends on the
constants of motion I (which are called action variables) only. Consequently, the equations of
motion read
dI
dt
= 0,
dΦ
dt
=
∂H(I)
∂I
{Ii,Φj} = δij , Φi ∈ [0, 2π), i, j = 1, . . . , N. (1.1)
The formulation of the integrable system in action-angle variables gives us a comprehensive
geometric description of its dynamics [1, 2]. Such a formulation defines a useful tool for the
developing of perturbation theory, since the “action” variables define adiabatic invariants of
the system. The action-angle formulation is important from the quantum-mechanical point of
view as well, since in action-angle variables the Bohr-Sommerfeld quantization is equivalent to
the canonical quantization, with trivial expressions for the wavefunctions. Hence, evaluation of
quantum-mechanical aspects of such system becomes quite simple in this approach.
Besides the practical importance, the action-angle formulation has an academic interest as well.
From the academic viewpoint, it gives a precise indication of the (non)equivalence of different
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Hamiltonian systems. Indeed, gauging the integrable system by action-angle variables, we
preserve the freedom only in the functional dependence of the Hamiltonian from the action
variables, H = H(I), and in the range of validity of the action variables, Ii ∈ [β−i , β+i ]. Hence
formulating the systems in terms of action-angle variables, we can indicate the (non)equivalence
of different integrable systems. Let us refer, in this respect, to the recent paper [3], where,
particularly, the global equivalence of A2 and G2 rational Calogero models, and their global
equivalence with a free particle on the circle, has been established in this way.
In action-angle variables the Bohr-Sommerfeld quantization is equivalent to the canonical quan-
tization, with a quite simple expression for the wavefunction
ÎiΨ(Φ) = IiΨ(Φ), Îi = −ı~ ∂
∂Φi
, Ψ =
1
(2π)N/2
N∏
i=1
e−ı niΦi , Ii = ~ni, (1.2)
where ni are integer numbers taking their values at the range [β
−
i , β
+
i ].
The general prescription for the construction of action-angle variables looks as follows [1]. In
order to construct the action-angle variables, we should fix the level surface of the Hamiltonian
F = c and then introduce the generating function for the canonical transformation (p,q) 7→
(I,Φ), which is defined by the expression
S(c,q) =
∫
F=c
pdq, (1.3)
where p are expressed via c,q by the use of the constants of motion. The action variables I
can be obtained from the expression
Ii(c) =
1
2π
∮
γi
pdq, (1.4)
where γi is some loop of the level surface F = c. Then inverting these relations, we can get the
expressions of c via action variables: c = c(I). The angle variables Φ can be found from the
expression
Φ =
∂S(c(I),q)
∂I
. (1.5)
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1.2 Quantum ring models
So, the action-angle variables form a useful tool for the study of systems with finite motion.
But just such systems presently attract much attention because of the progress in mesoscopic
physics, where we usually deal with a motion of (quasi)particles localized in quantum dots,
quantum layers etc. Due to the recent progress in nanotechnology, now the fabrication of various
low-dimensional systems of complicated geometric form (nanotubes, nanofibers, spherical and
cylindrical layers) become possible [4]. In these context the methods of quantum mechanics on
curved space should be relevant for the description of the physics of nanostructures.
Say, the common method for the localizing of the particle in the disc or in the cylinder is that
of the two-dimensional oscillator for the role of the confinement potential. Similarly, for the
localization of the particle in quantum lens (e.g. GaAs/In1−xGaxAs, see [5]) one can use the
Higgs model of the spherical oscillator defined by the potential VHiggs =
1
2
ω2r20 tan
2 θ [6].
Another confinement potential which could be used for the localization of the (quasi)particles
in quantum lens, is the potential of the so-called CP 1 oscillator VHiggs = 2ω
2r20 tan
2 θ/2 [7].
The advantage of the latter potential is that a system with such confinement potential preservs
the exact solvability after inclusion of magnetic field, which has a constant magnitude on the
surface of the sphere. Such a magnetic field is precisely the magnetic field of a Dirac monopole
located at the center of sphere. So, formally this is not a physical field. However, due to the
restriction of the electron in the segment/ring of the spherical layer, it could be viewed as a
physical field generated e.g. by the pole of a magnetic dipole.
The fabrication of semiconductor ring-shaped systems [8], presently referred to as quantum
rings (e.g. In(Ga)As - two-dimensional quantum rings), led to the use of the singular oscillator
potential with the role of the confinement one. A pioneering work on the theoretical study
of the impact of the magnetic field on the electron properties in a quantum ring was written
by Chakraborty and Pietelainen [9]. In that paper the shifted oscillator potential VChP =
β(r − r0)2 was choosen as the confinement potential restricting the motion of electrons in the
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quantum ring. The results obtained within this approximation are in a good correspondence
with experimental data. The quantum ring model of Chakraborty and Pietelainen is not exactly
solvable in the general case, it assumes the use of numerical simulations. The quantum ring
model based on the singular oscillator system [10] has been suggested as an analytically solvable
alternative to the Chakraborty-Pietelainen model. Although calculations performed within the
Chakraborty-Pietelainen model are in better correspondence with experimental data than those
within the singular oscillator potential [11], the latter has its own place in the study of quantum
rings (see,e.g. [12]).
In analogy with the above models, one can suppose, that singular versions of two-dimensional
Higgs and CP 1 oscillators may be appropriate candidates for the confinement potential local-
izing the motion of the electron in the ring of a spherical quantum layer.
In this section we present the action-angle formulations of the two-dimensional singular oscil-
lator and its two spherical generalizations based on Higgs and CP 1 spherical oscillator models.
This section is based on the results of [22]. The goals of this section are to suggest
• To use the action-angle variables in the study of quantum ring models.
• To use singular spherical oscillator models as confinement potentials in spherical quantum
rings.
For the role of the constant magnetic field, the magnetic field of the Dirac monopole located
at the center of the sphere is suggested. Surely, the Dirac monopole is a non-physical object.
However, since we assume to use it for the description of the particles localized on a part of the
sphere, the non-physical nature of the Dirac monopole can be ignored. The monopole can be
considered, e.g. as a pole of the magnetic dipole. The possible impact of the Dirac monopole
on the properties of quantum dots model has been considered, e.g., in [23]. Besides, magnetic
monopoles emerge as a class of magnets known as spin ice [24].
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Singular Euclidean oscillator
Let us demonstrate our approach with the simplest example of the singular oscillator on the
two-dimensional Euclidean space, which is defined by the Hamiltonian
H =
p2
2
+
α2
2r2
+
ω2r2
2
. (1.6)
In polar coordinates this Hamiltonian reads
H =
p2r
2
+
p2ϕ + α
2
2r2
+
ω2r2
2
, x = r cosϕ, y = r sinϕ. (1.7)
Taking into account that the angular momentum pϕ is the constant of motion of this system,
we can represent its generating function as follows: S(pϕ, h, ϕ, r) = pϕϕ +
∫
H=h
prdr. So, for
the action variables we get the expressions
I1 =
1
2π
∫
✄
✂
 
✁pϕdϕ = pϕ,
I2 =
1
2π
∫
✄
✂
 
✁prdr =
h
2ω
− p˜ϕ
2
where p˜ϕ ≡
√
p2ϕ + α
2
(1.8)
Respectively, the Hamiltonian takes the form
H2d = ω
(
2I2 +
√
I21 + α
2
)
(1.9)
The angle variables read
Φ1 = ϕ− pϕ
2p˜ϕ
arcsin
(p˜ϕ + ωr
2)
√
2hr2 − p˜2ϕ − ω2r4
(h+ p˜ϕω)r2
,
Φ2 = − arcsin h− r
2ω2√
h2 − p˜2ϕω2
.
(1.10)
For the reduction of this system to a one-dimensional one, we should put pϕ = 0. In that case the
Hamiltonian takes the form (where we replaced r by x)H1d = ω(2I2+α) ≡ 2ωI˜, I˜ ∈ [α/2,∞).
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So, in the action-angle variable the one-dimensional singular oscillator is locally equivalent to
the nonsingular one. The only difference is in the range of validity of the action variable.
Let us notice that the action variable corresponding to the cyclic coordinate ϕ coincides with
the angular momentum I1 = pϕ. However, the respective angle variable Φ1 is different from
the initial angle φ. In other words, the “radial” motion, encoded in the dynamic of I2 and Φ2
variables, has an essential impact on the “ angular” motion. While the impact of ϕ, pϕ variables
in the radial motion is the shift α2 → α2 + p2ϕ.
The inclusion of the constant magnetic field in the two-dimensional oscillator system does not
essentially change its properties. Indeed, it is defined, in the two-dimensional planar system,
by the potential
A = B0
2
(xdy − ydx) = B0r
2
2
dϕ (1.11)
Hence, including the constant magnetic field in the two-dimensional singular oscillator, we shall
get
H =
p2r
2
+
(pϕ − B0r22 )2
2r2
+
α2
2r2
+
ω2r2
2
⇔ H˜ = p
2
r
2
+
p˜2ϕ
2r2
+
ω˜2r2
2
, (1.12)
where we use the notation
p˜2ϕ = p
2
ϕ + α
2, ω˜2 = ω2 +
B20
4
, H˜ = H +
B0pϕ
2
(1.13)
Thus, the impact of the magnetic field in the generating function S(h, pϕ, r, ϕ) consists in the
replacement (1.13). Respectively, the action variables and Hamiltonian are defined by the
expressions
I1 = pϕ, I2 =
h˜
2ω˜
− p˜ϕ
2
⇒ H =
√
ω2 + (B0/2)2
(
2I2 +
√
I21 + α
2
)
− B0I1
2
. (1.14)
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The explicit expressions for angle variables reads
Φ1 = ϕ− pϕ
2p˜ϕ
arcsin
(p˜ϕ + ω˜r
2)
√
2h˜r2 − p˜2ϕ − ω˜2r4
(h˜ + p˜ϕω˜)r2
,
Φ2 = − arcsin h˜− r
2ω˜2√
h˜2 − p˜2ϕω˜2
.
(1.15)
It is seen that the magnetic field yields in the Hamiltonian the term linear on I1, in addition
to the predictable change of the effective frequency ω →
√
ω2 +B20/4.
We have constructed the action-angle variables for the two-dimensional singular oscillator in
the constant magnetic field. Now we shall consider a similar formulation for the models of
singular spherical oscillators.
15
Singular Higgs oscillator
Now we shall consider a two-dimensional singular spherical oscillator defined by the following
Hamiltonian:
HHiggs =
p2θ
2r20
+
p2ϕ
2r20 sin
2 θ
+
α2
2r20
cot2 θ +
ω2r20
2
tan2 θ, (1.16)
where r0 is the radius of the sphere.
This system generalizes the well-known Higgs model of the spherical oscillator [6], whose unique-
ness is in the closeness of all trajectories, which reflects the existence of a number of hidden
symmetries equal to the those of the Euclidean oscillator. This is the reason why the Higgs
oscillator is a convenient background for the developing of perturbation theory. Particularly,
it admits the anisotropic modification preserving the integrability of the system [25]. Hence,
such a model of the spherical ring should be convenient for the study of electrons behavior
in external potential fields, e.g., in the electric one. However, it is easy to observe that the
(singular) Higgs oscillator does not preserve its exact solvability in the presence of a constant
magnetic field, in contrast with the Euclidean one, while the study of quantum dot systems in
a magnetic field is of a special physical importance.
In our consideration we assume the unit radius of the sphere, r0 = 1. The restoration of the
the arbitrary radius can be carried out by the obvious redefinition of the Hamiltonian and the
constants α, ω.
Since the angular momentum pϕ is a constant of motion of the system, the the generating
function of the action-angle variables takes the form
S = pϕϕ+
∫
pθ(h, pϕ, θ)dθ, (1.17)
where HHiggs = h. From this generating function we get the action variables
I1 =
1
2π
∫
✄
✂
 
✁pϕdϕ = pϕ ,
I2 =
1
2π
∫
✄
✂
 
✁pθdθ =
1
π
∫ θ+
θ−
√
2
(
h− p
2
ϕ
2 sin2 θ
− α
2
2
cot2 θ − ω
2
2
tan2 θ
)
dθ,
(1.18)
16
where the integration limits θ± are defined by the condition
2h =
p2ϕ
sin2 θ±
+ α2 cot2 θ± + ω2 tan2 θ±. (1.19)
To calculate the integral in the second expression, we introduce the notation
a =
√
1− 2p
2
ϕ + α
2 + ω2
2h+ α2 + ω2
+
(
p2ϕ + α
2 − ω2
2h+ α2 + ω2
)2
, b = −p
2
ϕ + α
2 − ω2
2h+ α2 + ω2
,
ξ =
1
a
[cos 2θ + b] .
(1.20)
In this terms the second integral in (1.18) reads (its value can be found by the use of standard
methods, see, e.g.[26, 3])
I2 =
a2
√
2h + α2 + ω2
2π
1∫
−1
√
1− ξ2
1− (aξ + b)2dξ =
1
2
(√
2h+ α2 + ω2 −
√
p2ϕ + α
2 − ω
)
. (1.21)
Hence, the functional dependence of the Hamiltonian from the action variables is given by the
expression
H = 1
2
(
2I2 +
√
I21 + α
2 + ω
)2
− α
2 + ω2
2
. (1.22)
For Φ1 and Φ2 we get
Φ1 = ϕ− pϕ
p˜ϕ
arcsin ξ+
+
pϕ
p˜ϕ
arctan
1
2p˜ϕ
√(2h− p2ϕ)2 − 4ω2p˜2ϕ
2h+ α2 + ω2
− 2h+ 2α
2 + p2ϕ√
2h+ α2 + ω2
1 +
√
1− ξ2
2ξ

Φ2 = −2 arcsin ξ
(1.23)
Here, as previously, we use the notation
p˜ϕ =
√
p2ϕ + α
2 (1.24)
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We presented the action-angle formulation of the singular Higgs oscillator (1.16) on the sphere
of unit radius r0 = 1. The action-angle formulation of the system on the sphere with arbitrary
value of r0 could be easily found from (1.21)-(1.23) by the replacement
Hr0 =
H
r20
, with ω → ωr20. (1.25)
In that case the Hamiltonian (1.16) is defined, in the action-angle variables, by the following
expression:
H =
1
2r20
(
2I2 +
√
I21 + α
2 + ωr20
)2
− α
2
2r20
− ω
2r20
2
. (1.26)
It is seen that, in the planar limit r0 → ∞, it results in the Hamiltonian of the Euclidean
singular oscillator (1.14) with B0 = 0 (i.e. in the absence of constant magnetic field). However,
the singular Higgs oscillator does not respect the inclusion of constant magnetic field, in contrast
with the Euclidean one.
Indeed, the magnetic field which has a constant magnitude on the sphere, is the field of a Dirac
monopole located at the center of sphere. It is defined by the following one-form:
AD = s(1− cos θ)dϕ, s = B0r20. (1.27)
Hence, the Hamiltonian of the singular Higgs oscillator interacting with a constant magnetic
field, is defined by the expression
H =
p2θ
2r20
+
[pϕ − s (1− cos θ)]2
2r20 sin
2 θ
+
α2
2r20
cot2 θ +
ω2r20
2
tan2 θ. (1.28)
Writing down the corresponding generating function we shall see that the impact of the mag-
netic field cannot be absorbed by the proper redefinition of constants. Hence, the inclusion of
the magnetic field breaks the exact solvability of the (singular) Higgs oscillator, so that the
presented model is not suitable for the study of the properties of spherical bands and length
in the external magnetic field. However, this models is relevant for the consideration of their
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properties in the external potential, e.g. the electric field. Moreover, one can further modify
the Higgs oscillator potential providing it by the anisotropy properties preserving the integra-
bility of the system [25]. Such a system would be useful to consider the quantum dots model
restricted from the sphere to the spherical segment.
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Singular CP 1 oscillator
As we have already mentioned, the (singular) Higgs oscillator does not preserve its exact solv-
ability in the presence of a constant magnetic field, while the study of quantum dot systems in
a magnetic field is of a special physical importance. For this reason we consider the alternative
model of the singular spherical oscillator, given by the Hamiltonian [27]
HCP 1 =
p2θ
2r20
+
p2ϕ
2r20 sin
2 θ
+
α2
8r20
cot2
θ
2
+ 2ω2r20 tan
2 θ
2
. (1.29)
It is based on the model of the oscillator on complex projective spaces [7] and, in contrast
with the (singular) Higgs oscillator, it respects the inclusion of a constant magnetic field (of
the Dirac monopole). Respectively, its singular version, defined by the Hamiltonian (1.29) also
remains exactly solvable in the presence of a constant magnetic field, at least, classically [27].
Since the complex projective plane is equivalent to the two- dimensional sphere, we can use
this model for the definition of the two-dimensional magnetic oscillator.
Let us notice that a similar model on the four-dimensional sphere and hyperboloid respects
the inclusion of the BPST instanton field [28]. Quantum mechanical solutions of (1.29) are
not constructed yet. But they could be found by a proper modification of the solutions of the
corresponding non-singular system (third reference in [7]). Because of the absence of hidden
symmetries, this model is not convenient for the study of the system in external potential (e.g.
electric ) fields. But it convenient for the study of the interaction with the external magnetic
field.
Inclusion of the constant magnetic field yields the following modification of the Hamiltonian
(1.29):
H =
p2θ
2r20
+
[pϕ − s (1− cos θ)]2
2r20 sin
2 θ
+ 2ω2r20 tan
2 θ
2
+
α2
8r20
cot2
θ
2
, s = B0r
2
0. (1.30)
As before, we put, without loss of generality, r0 = 1. The way of the restoring of r0 is obvious.
Then, in a completely similar way as in the previous cases, we can construct the action-angle
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variables of this system. For the action variables I1 and I2 we get
I1 = pϕ,
I2 =
1
π
∫ θ+
θ−
dθ
√
2h− [pϕ − s (1− cos θ)]
2
sin2 θ
− 4ω2 tan2 θ
2
− α
2
4
cot2
θ
2
(1.31)
where θ± are defined by the equation
h =
[pϕ + s (1− cos θ±)]2
2 sin2 θ±
+ 2ω2 tan2
θ±
2
+
α2
8
cot2
θ±
2
. (1.32)
The explicit expression for the second integral looks as follows:
I2 =
a2
√
2h+ 4ω2 + α
2
4
+ s2
π
1∫
−1
√
1− ξ2
1− (aξ + b)2dξ =
=
√
2h+ s2 +
α2
4
+ 4ω2 −
√
p2ϕ + α
2
4
−
√
(
pϕ
2
− s)2 + 4ω2,
(1.33)
where we introduced the notation
ξ =
1
a
[cos θ − b] , b = 8ω
2 + 2s2 − 2pϕs− α22
4h+ 8ω2 + α
2
2
+ 2s2
,
a =
2√
4h+ 8ω2 + α
2
2
+ 2s2
√
4h2 − (8ω2 − pϕs+ 2s2)
(
α2
2
+ pϕs
)
4h+ 8ω2 + α
2
2
+ 2s2
− p
2
ϕ
2
+ pϕs.
(1.34)
Hence, from (1.33) we get that the explicit expression of the Hamiltonian has the following
dependence from the action variables:
H =
1
8
(
2I2 +
√
I21 + α
2 +
√
(I1 − 2s)2 + 16ω2
)2
− s
2
2
− α
2
8
− 2ω2 (1.35)
The expressions for the angle variables look as follows:
Φ1 = ϕ− 1
2
(
pϕ
p˜ϕ
+
pϕ − 2s√
(pϕ − 2s)2 + 16ω2
)
arcsin ξ+
+
pϕ + s√
(pϕ − 2s)2 + 16ω2
arctan η+ − pϕ
p˜ϕ
arctan η−,
Φ2 =
∂S
∂I2
= − arcsin ξ .
(1.36)
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Here we used the notation
p˜ϕ ≡
√
p2ϕ + α
2, η± ≡
(1± b)
(
1
ξ
+
√
1
ξ2
− 1
)
± a√
(1± b)2 − a2 (1.37)
Finally, let us restore the radius r0 performing the replacement (1.25). In that case the Hamil-
tonian (1.30) is expressed via action variables as follows:
H =
1
8r20
(
2I2 +
√
I21 + α
2 +
√
(I1 − 2B0r2)2 + 16ω2r40
)2
− B
2
0r
2
0
2
− α
2
8r20
− 2ω2r20 (1.38)
It is seen that, in the planar limit r0 → ∞, it results in the Hamiltonian of the Euclidean
singular oscillator (1.14).
So, we presented the action-angle formulation of the model of the spherical singular oscillator in-
teracting with a constant magnetic field (1.30). The Hamiltonian of the model is non-degenerate
on both action variables. But it depends on these variables via elementary functions in the
presence of a constant magnetic field.
These tell us the area of application of the Higgs oscillator potential and of the CP 1 oscillator
one. The Higgs model is useful for the behavior of the quantum dots systems in the external
potential field, e.g, in the electric field. The CP 1 model should be applied for the study of the
behavior of a spherical quantum dots model in the external magnetic field.
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2 INTEGRABLE GENERALIZATIONS OF OSCILLA-
TOR AND COULOMB SYSTEMS
In this Chapter we construct new integrable conformal mechanical systems by generalizing the
known ones [29, 3]. Namely, we pick a system with compact phase space and add a radial part
to it, thus increasing the dimension by one (the phase space dimension is increased by two).
In the Chapter 1 we suggested action-angle variables as a useful tool for the study of systems
with compact phase space. So, it is a good idea to use action-angle variables to discribe the
motion of the initial ”angular” part.
So, we pick an integrable system with a 2(N−1)-dimensional compact phase space
H = H(Ii), {Ii,Φ0j} = δij , Φ0i ∈ [0, 2π), i, j = 1, . . . , N−1, (2.1)
in terms of its action-angle variables, and add a radial part to it [30, 31],
H =
p2r
2
+
H(Ii)
r2
+ V (r), {pr, r} = 1, r ∈ [0,∞) or [0, r0). (2.2)
Here, we introduced a radial coordinate r and momentum pr and obtain an extended model with
N degrees of freedom. The extended configuration space is a cone over the original compact
configuration space. If the latter is just the sphere SN−1, we can obtain, in particular, the three
model spaces of constant curvature:
SN : r = r0 sinχ, pr = r
−1
0 pχ, V (r)→ V (r0 tanχ), (2.3)
R
N : r = r0χ, pr = r
−1
0 pχ, V (r)→ V (r0χ), (2.4)
HN : r = r0 sinhχ, pr = r
−1
0 pχ, V (r)→ V (r0 tanhχ), (2.5)
where r0 is the radial scale and {pχ, χ} = 1 is a dimensionless canonical pair. Hence, for a
particle on the sphere SN (the sine-cone over SN−1) or on the hyperboloid HN (the hyperbolic
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cone over SN−1) one gets the Hamiltonians
H =
p2χ
2r20
+
H
r20 sin
2 χ
+ V (r0 tanχ) and H =
p2χ
2r20
+
H
r20 sinh
2 χ
+ V (r0 tanhχ), (2.6)
respectively.
As an example, whenH defines the Landau problem, i.e. a particle on S2 moving in the magnetic
field generated by a Dirac monopole located at the center of sphere, we arrive at the particle
on R3 interacting with this Dirac monopole. The extended system remains integrable for two
prominent choices of the radial potential,
V (r) = Vosc(r) =
1
2
ω2r2 and V (r) = Vcou(r) = −γ
r
, (2.7)
with frequency ω and (positive) coupling γ, respectively. For RN , these are the familiar os-
cillator and Coulomb potentials, while for SN they have been named Higgs oscillator [6] and
Schro¨dinger-Coulomb [32], respectively.
If the system is spherically symmetric, i.e. SN−1 invariant, the compact Hamiltonian H is just
given by the SO(N) Casimir function J2, which defines the kinetic energy of a free particle
on SN−1. Deviations from spherical symmetry are encoded in H. In other words, replacing J2
by the Hamiltonian of some compact N−1)-dimensional integrable system defines a deformation
of the N -dimensional oscillator and Coulomb systems.
Particular examples with N=2 are the so-called Tremblay-Turbiner-Winternitz (TTW) [13] and
Post-Winternitz (PW) [15] models, defined on R2, which have attracted some interest recently
(see, e.g. [14] and references therein). In this systems the compact subsystem on the circle S1
is just the famous Po¨schl-Teller system [33],
H = HPT =
p2ϕ
2
+
k2α21
2 sin2 kϕ
+
2k2α21
cos2 kϕ
with k ∈ N. (2.8)
Assume now that the compact subsystem is already formulated in terms of action-angle variables
(Ii,Φ
0
i ), with i = 1, . . . , N−1, while the radial part is given by (pr, r). We characterize the level
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sets by (H≡E, Ii). The generating function for the extended system (2.2) then reads
S(E, Ii, r,Φ
0
i ) =
√
2
∫
dr
√
E − H(I)
r2
− V (r) +
N−1∑
i=1
IiΦ
0
i . (2.9)
From this function we immediately get the action variables Ii = Ii and
Ir(E, Ii) =
√
2
2π
∮
dr
√
E − H(I)
r2
− V (r). (2.10)
The corresponding angle variables are given by
Φr =
1√
2
∂E
∂Ir
∫
dr√
E − H(I)
r2
− V (r)
and
Φi =Φ
0
i +
∂E/∂Ii
∂E/∂Ir
Φr − 1√
2
∂H(I)
∂Ii
∫
dr
r2
√
E − H(I)
r2
− V (r)
.
(2.11)
Making in (2.9) and (2.11) the replacements described in (2.3) or (2.5), we shall get the system
on the N -sphere or -pseudosphere. Of course, for the full construction of the action-angle
variables, we need to provide the action-angle variables of the subsystem H.
In this Chapter we start with computing the explicit expressions for action-angle variables for
systems with oscillator and Coulomb potentials (2.7). Then we construct the spherical and
pseudospherical generalizations of the TTW and PW systems. We demonstrate the superinte-
grability of these systems and write down their hidden constants of motion. Additionally, we
provide the action-angle variables for a free particle on the (N−1)-dimensional sphere, which
yields the complete set of action-angle variables for the N -dimensional oscillator and Coulomb
systems as well as their spherical and pseudospherical analogs.
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2.1 Deformed oscillator and Coulomb systems
Here we present the action-angle variables (Ir,Φr,Φi) for the deformed oscillator and Coulomb
systems given by the expressions (2.2)–(2.7). The action variables Ii of the “angular Hamilto-
nian” H remain unchanged, while the angle variables Φ0i receive corrections, as seen in (2.11).
For notational simplicity we abbreviate H(p,q) = E, put r0 = 1 and drop the argument Ii
of H. In the following, we list the results for each of the six combinations in the table below:
radial potential oscillator Coulomb
metric cone: RN Euclidean osc. Euclidean Coulomb
sine-cone: SN spherical Higgs osc. spherical Schro¨dinger-Coulomb
hyperbolic cone:HN pseudospherical Higgs osc. pseudospherical Schro¨dinger-Coulomb
Euclidean oscillator
Hosc =
p2r
2
+
H
r2
+
ω2r2
2
= ω
(
2Ir +
√
2H),
Ir =
E
2ω
−
√
H
2
Φr = − arcsin
( E − r2ω2√
E2 − 2Hω2
)
,
Φi = Φ
0
i +
1
2
√
2H
∂H
∂Ii
[
Φr − arcsin
( E r2 − 2H
r2
√
E2 − 2ω2H
)]
.
(2.12)
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Euclidean Coulomb
Hcou =
p2r
2
+
H
r2
− γ
r
= − γ
2
2
(
Ir +
√
2H)2 ,
Ir =
γ√−2E −
√
2H
Φr = −2
γ
√
EH−E r(E r + γ)− arcsin
( 2E r + γ√
4EH + γ2
)
,
Φi = Φ
0
i +
√
2
H
∂H
∂Ii
[
Φr − 1
2
arcsin
( γ r − 2H
r
√
4EH + γ2
)]
.
(2.13)
Spherical Higgs oscillator
Hs-higgs =
p2χ
2
+
H
sin2 χ
+
ω2 tan2 χ
2
=
1
2
(
2Iχ +
√
2H + ω
)2
− ω
2
2
,
Iχ =
1
2
(√
2E + ω2 −
√
2H− ω
)
Φχ = −2 arcsin
( (2E + ω2) cos 2χ+ 2H− ω2√
(2E + ω2)2 − 2(2H+ ω2)(2E + ω2) + (2H− ω2)2
)
,
Φi = Φ
0
i +
1
2
√
2H
∂H
∂Ii
[
Φχ+
+ arctan
( (E +H) cos 2χ−E + 3H√
2H √2E − 4H− ω2 − (4H− 2ω2) cos 2χ− (2E + ω2) cos2 2χ
)]
.
(2.14)
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Spherical Schro¨dinger-Coulomb
Hs-sch-cou =
p2χ
2
+
H
sin2 χ
− γ cotχ = 1
2
(
Iχ +
√
2H
)2
− γ
2
2(Iχ +
√
2H)2 ,
Iχ =
√
E +
√
E2 + γ2 −
√
2H
Φχ = Im
[
2
√H(E + iγ)√
E +
√
E2 + γ2
log ζ
]
Φi = Φ
0
i +
1√
2H
∂H
∂Ii
[
Φχ + arcsin
( 2H cotχ− γ√
4(E −H)H + γ2
)]
,
where ζ =
4√He
i(χ+π
2
) sinχ
(
1 +
√
E − H
sin2 χ
+ γ cotχ
)
+
(4H− 2iγ)√E + iγ√H(E2 + γ2) .
(2.15)
Pseudospherical Higgs oscillator
Hps-higgs =
p2χ
2
+
H
sinh2 χ
+
ω2 tanh2 χ
2
=
ω2
2
− 1
2
(
2Iχ +
√
2H− ω)2,
Iχ =
1
2
(
ω −
√
2H−
√
ω2 − 2E
)
,
Φχ = −2 arctan
((1−√1− η2) (E +H− ω2)
η ω
√
ω2 − 2E +
√
(E +H)2 − 2Hω2
ω
√
ω2 − 2E
)
,
Φi = Φ
0
i +
1
2
√
2H
∂H
∂Ii
[
Φχ−
− 2 arctan
((1−√1− η2) (E +H)
η ω
√
2H +
√
(E +H)2 − 2Hω2
ω
√
2H
)]
,
where η =
ω2 tanh2 χ− (E +H)√
(E +H)2 − 2Hω2 .
(2.16)
28
Pseudospherical Schro¨dinger-Coulomb
Hps-sch-cou =
p2χ
2
+
H
sinh2 χ
− γ cothχ = −1
2
(
Iχ +
√
2H
)2
− γ
2
2(Iχ +
√
2H)2 ,
Iχ =
1√
2
(√
−E + γ −
√
−E − γ − 2
√
H
)
Φχ =
√−E + γ√
2(
√−E − γ −√−E + γ) arctan
(√4H(E +H) + γ2 + (γ − 2H)η
2
√H(−E − γ)√1− η2
)
−
−
√−E − γ√
2(
√−E − γ −√−E + γ) arctan
(√4H(E +H) + γ2 + (γ + 2H)η
2
√H(−E + γ)√1− η2
)
,
Φi = Φ
0
i +
1√
2H
∂H
∂Ii
[
Φχ +
1√
2
arcsin
( 2H cotχ− γ√
4(E +H)H + γ2
)]
.
(2.17)
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2.2 Generalized Tremblay-Turbiner-Winternitz and Post-Winternitz
systems
As mentioned in the Introduction, action-angle variables elegantly explain the superintegrabil-
ity of the recently suggested deformation of the two-dimensional oscillator system introduced
by Tremblay-Turbiner-Winternitz (TTW) [13] and also of the Coulomb versions treated by
Post-Winternitz (PW) [15]. They also allow us to construct analogous deformations of other
superintegrable systems.
Our generalizations of the TTW and PW systems are defined by (2.2)–(2.7) with N=2, where
the one-dimensional “angular” Hamiltonian H is given by the generalized Po¨schl-Teller system
on the circle (2.8) [33]. The action-angle variables of this subsystem are given by [3]
IPT =
1
k
√
2HPT − (α1 + α2) and ΦPT = 12 arcsin
{
1
a
[
cos 2kϕ+ b
]}
, (2.18)
where
a =
√
1− k
2(α21 + α
2
2)
HPT +
(
k2(α21 − α22)
2HPT
)2
and b =
k2(α22 − α21)
2HPT , (2.19)
so that the Hamiltonian reads
HPT = 12(kI˜PT)2 with I˜PT ≡ IPT + α1 + α2 ∈ [α1+α2,∞). (2.20)
Clearly, in action-angle variables, the Po¨schl-Teller Hamiltonian coincides with the Hamiltonian
of a free particle on a circle of radius k, but with a different domain for the action variable.
Hence, choosing the potential in (2.2) to be of oscillator or Coulomb type, the extended system
will be superintegrable. More precisely, in the variables
(
pr, r, IPT(pϕ, ϕ),ΦPT(pϕ, ϕ)
)
, this
system takes the form of a conventional two-dimensional oscillator or Coulomb system on
the cone. Hence, for rational values of k these systems possess hidden symmetries. For the
oscillator case, the hidden constants of motion have been constructed in [34]. Here, we extend
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their results to the Coulomb case [15] as well as to the TTW- and PW-like systems on spheres
and pseudospheres.
For the three spaces of constant curvature and for the oscillator potential, the action-angle
Hamiltonians are
Hω =

ω (2Iχ + kI˜PT) for R
2
1
2
(2Iχ + kI˜PT + ω)
2 − ω2
2
for S2
−1
2
(2Iχ + kI˜PT − ω)2 + ω22 for H2
(2.21)
and depend only on the combination 2Iχ+kI˜PT. Thus, the evolution of the angle variables is
given by
Φχ(t) = 2Ω t and Φϕ(t) = kΩ t with Ω =
dHω
d(2Iχ+kI˜PT)
. (2.22)
For rational values of k the trajectories are closed. It then follows that the hidden constant of
motion is
Ihidden = cos
(
mΦχ−2nΦϕ
)
for k = m/n. (2.23)
Explicitly, this hidden constant of motion reads:
Euclidean TTW system
Iadd = CMm
(
Er2 − 2HPT
r2
√
E2 − 2ω2HPT
)
CMn
(
1
a
[cos 2kϕ+ b]
)
+ SMm
(
Er2 − 2HPT
r2
√
E2 − 2ω2HPT
)
SMn
(
1
a
[cos 2kϕ+ b]
) (2.24)
where we denoted
CMn(x) = cos(n arcsin x) =
[n
2
]∑
i=0
(−1)iC2in x2i
√
1− x2n−2i,
SMn(x) = sin(n arcsin x) =
[n−1
2
]∑
i=0
(−1)iC2i+1n x2i+1
√
1− x2n−2i−1.
(2.25)
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Spherical TTW system
Iadd = CMm
(
ξ√
ξ2 + 1
)
CMn
(
1
a
[cos 2kϕ+ b]
)
− SMm
(
ξ√
ξ2 + 1
)
SMn
(
1
a
[cos 2kϕ+ b]
) (2.26)
where
ξ =
(E +HPT ) cos 2χ− E + 3HPT√
2HPT
√
2E − 4HPT − ω2 − (4HPT − 2ω2) cos 2χ− (2E + ω2) cos2 2χ
. (2.27)
Pseudospherical TTW system
Iadd = CM2m
(
ξ√
ξ2 + 1
)
CMn
(
1
a
[cos 2kϕ+ b]
)
+ SM2m
(
ξ√
ξ2 + 1
)
SMn
(
1
a
[cos 2kϕ+ b]
) (2.28)
where
ξ =
√
(E +HPT )2 − 2HPTω2
ω
√
2HPT
ω2 tanh2 χ
ω2 tanh2 χ− (E +HPT )
− E +HPT
ω
√
2HPT
√
2(E +HPT )ω2 tanh2 χ− ω4 tanh4 χ− 2HPTω2
ω2 tanh2 χ− (E +HPT )
(2.29)
Thus, choosing the Higgs oscillator on the (pseudo)sphere, we get a superintegrable (pseudo)spherical
analog of the TTW oscillator.
The construction of superintegrable deformations of the Coulomb system, i.e. the PW model
and its generalization to the (pseudo)spherical environment, proceeds completely similarly. The
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Hamiltonians
Hγ =

−γ2
2
(Iχ + kI˜PT)
−2 for R2
−γ2
2
(Iχ + kI˜PT)
−2 + 1
2
(Iχ + kI˜PT)
2 for S2
−γ2
2
(Iχ + kI˜PT)
−2 − 1
2
(Iχ + kI˜PT)
2 for H2
(2.30)
depend only on the combination Iχ+kI˜PT, and for rational k = m/n the trajectories are closed,
supporting
Ihidden = cos
(
mΦχ−nΦϕ
)
. (2.31)
Explicitly this constant of motion reads:
Euclidean PW system
Iadd = CM2m
(
γr − 2HPT
r
√
4EHPT + γ2
)
CMn
(
1
a
[
cos 2kϕ+ b
])
+ SM2m
(
γr − 2HPT
r
√
4EHPT + γ2
)
SMn
(
1
a
[
cos 2kϕ+ b
])
.
(2.32)
Spherical PW system
Iadd = CM2m
(
2HPT cotχ− γ√
4(E −HPT )HPT + γ2
)
CMn
(
1
a
[
cos 2kϕ+ b
])
− SM2m
(
2HPT cotχ− γ√
4(E −HPT )HPT + γ2
)
SMn
(
1
a
[
cos 2kϕ+ b
])
.
(2.33)
Pseudospherical PW system
Iadd = CM2m
(
2HPT cothχ− γ√
4(E +HPT )HPT + γ2
)
CMn
(
1
a
[
cos 2kϕ+ b
])
− SM2m
(
2HPT cothχ− γ√
4(E +HPT )HPT + γ2
)
SMn
(
1
a
[
cos 2kϕ+ b
])
.
(2.34)
Thus, choosing the Schro¨dinger-Coulomb system on the (pseudo)sphere, we get a superinte-
grable (pseudo)spherical analog of the PW model.
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2.3 Free particle on SN−1
Here we recollect the action-angle variables for the “angular Hamiltonian” HPT appearing in
every spherically symmetric N -dimensional system and defining the free motion of a particle
on SN−1 with radius r0 = 1. It is given by the Casimir function L2N of SO(N),
H = 1
2
L2N . (2.35)
The embedding of the unit (N−1)-sphere into RN is given by a set of polar coordinates,
x1 = sN−1 sN−2 · · · s3 s2 s1
x2 = sN−1 sN−2 · · · s3 s2 c1
x3 = sN−1 sN−2 · · · s3 c2
...
xN−1 = sN−1 cN−2
xN = cN−1

with sk := sin θk and ck := cos θk
for θ1 ∈ [0, 2π) , θk>1 ∈ [0, π)
and k = 1, 2, . . . , N−1.
(2.36)
In these coordinates, we have the recursion
L2N = p
2
N−1 +
L2N−1
s2N−1
(2.37)
where pN−1 is the momentum conjugate to θN−1. It is easy to see that the L2k for k = 1, . . . , N
are in involution with each other and, therefore, can be used for constructing action-angle
variables. Each variable θk defines an independent homology cycle S
1
k of the torus T
N . The
level surfaces L2k = constant =: jk are diffeomorphic to T
N .
Following the standard procedure we should compute the N integrals
Ik =
1
2π
∮
S1
k
p · dq = 1
2π
∮
S1
k
pk dθk =
θ+
k∫
θ−
k
√
jk − jk−1
sin2 θk
dθk, (2.38)
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where in the second equality we used that the θk are mutually orthogonal and the cycles S
1
k
are independent. The integration ranges [θ−k , θ
+
k ] are determined from the condition that the
radicants should be non-negative. Substituting
uk =
√
jk
jk − jk−1 cos θk, (2.39)
we arrive at
Ik = 2
jk−jk−1
2π
√
jk
1∫
−1
√
1− u2k duk
1− jk−jk−1
jk
u2k
=
√
jk −
√
jk−1, so that
√
jk =
k∑
m=1
Im. (2.40)
For the generating function we obtain
S =
N−1∑
l=1
Sl where Sl =
∫
dθl
√√√√( l∑
m=1
Im
)2
− sin−2 θl
( l−1∑
m=1
Im
)2
, (2.41)
from which we get the angle variables
Φ0k =
∂S
∂Ik
=
∂Sk
∂Ik
+
N−1∑
l=k+1
∂Sl
∂Ik
=
∫ √
jk dθk√
jk − jk−1sin2 θk
+
N−1∑
l=k+1
∫
dθl√
jl − jl−1sin2 θl
(√
jl −
√
jl−1
sin2 θl
)
. (2.42)
The first integral can be included in the first part of the sum (as l=k), which yields
N−1∑
l=k
∫ √
jl dθl√
jl − jl−1sin2 θl
=
N−1∑
l=k
arcsin ul. (2.43)
After the substitution and abbreviation
ul =
2tl
(1+tl)2
and a =
√
jl − jl−1
jl
< 1, (2.44)
respectively, the second part of the sum in (2.42) becomes
N−1∑
l=k+1
√
jl−1
jl
∫
dtl
[
1
(tl−a)2 + 1− a2 +
1
(tl+a)2 + 1− a2
]
=
=
N−1∑
l=k+1
√
jl−1
jl(1−a2)
[
arctan
tl−a√
1−a2 + arctan
tl+a√
1−a2
]
.
(2.45)
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Pulling all together, we finally find
Φ0k =
N−1∑
l=k
arcsin ul +
N−1∑
l=k+1
arctan
(√
jl−1
jl
ul√
1− u2l
)
. (2.46)
To summarize, the action-angle variables for a free particle on SN−1 are given by (2.40)
and (2.46), with jl = L
2
l (p1, . . . , pl, θ1, . . . , θl). The angular Hamiltonian (2.35) can be expressed
as
H = 1
2
L2N =
1
2
(N−1∑
m=1
Im
)2
. (2.47)
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3 CONFORMAL MECHANICS
Conformal invariance plays an important role in many areas of the quantum field theory and
condensed matter physics, especially in string theory, the theory of critical phenomena, low-
dimensional integrable models, spin and fermion lattice systems. Recently, there has been new
interest in so-called “conformal mechanics”. Actually, the conformal group is not an exact
symmetry for the conformal mechanical system. It does not commute with the Hamiltonian
but, instead, is a symmetry of the action (a symmetry in the field theoretical context[16]).
The Hamiltonian itself forms an so(1, 2) algebra together with generators of the dilatation and
conformal boost, with respect to canonical Poisson brackets. It is interesting that, due to
the conformal symmetry, the “angular” part of the Hamiltonian of conformal mechanics is a
constant of motion.
The term “conformal mechanics” denotes a system whose Hamiltonian H , together with the
dilatation generator D and the generator K of conformal boosts forms, with respect to Poisson
brackets, the conformal algebra:
{H,D} = H, {D,K} = K, {H,K} = 2D. (3.1)
Such system can always be presented in the form [29]
D =
prr
2
, K =
r2
2
, H =
p2r
2
+
2I(u)
r2
, (3.2)
where the radial coordinates (r, pr) and the angular coordinates (u
α) obey the basic Poisson
brackets
{pr, r} = 1, {uα, pr} = {uα, r} = 0. (3.3)
The spherical (or angular) part of the Hamiltonian H ,
I = KH −D2, (3.4)
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commutes with all generators and defines a constant of motion of the HamiltonianH . Therefore,
although conformal symmetry is not a symmetry of the Hamiltonian, it equipped the system
with the additional (to the Hamiltonian) constant of motion I.
The spherical part of the conformal mechanics, determined by I, may be considered as a
Hamiltonian system by itself. We refer to it as ”spherical mechanics” or ”master mechanics”
throughout the paper. It is obvious that integrability of the initial conformal mechanics leads to
integrability of the “spherical mechanics”, and vice versa. It is also evident that the constants
of motion of the spherical mechanics are constants of motion for the conformal mechanics. Yet,
the inverse is generally not true, although there should be a way to construct the “spherical”
constants of motion out of the ”conformal” ones. This problem was addressed in [35]. Some of
the results of that paper are presented in this Chapter.
The study of the spherical mechanics is relevant for investigations of the Calogero model
[36, 37, 38] and its various extensions and generalizations [39] (for a recent review see [40]). Fur-
thermore, the spherical mechanics of the rational AN Calogero model defines the multi-center
(Higgs) oscillator system on the N−1-sphere [41, 42]. The well-known series of hidden constants
of motion found by Wojcechowski [43] for the Calogero model has a transparent explanation
in terms of spherical mechanics, and its analog exists in any integrable conformal mechanical
system [29]. Even in the simplest case of N=2, the one-dimensional spherical mechanics of
the A2 Calogero model shed light on a global aspect of Calogero models, by elucidating the
non-equivalence of different quantizations of the Calogero model [44]. The N=4 superconfor-
mal generalizations of the rational A2 Calogero model, constructed via supersymmetrization of
spherical mechanics [45], yielded a scheme for lifting any N=4 supersymmetric mechanics to
a D(1, 2|α) superconformal one [29]. Finally, a formulation in terms of action-angle variables
[3] led to the equivalence of the rational A2 and G2 Calogero models and provided restrictions
on the “decoupling” transformation which maps the Calogero model to the free-particle system
considered in [46, 47, 48, 49, 42].
In [29] it was demonstrated that all information on a conformal mechanics system is encoded
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in its spherical part. In particular, the “conformal” constants of motion with even conformal
dimension were shown to induce constants of motion for (ω0, I). However, the authors did not
find the “spherical” constants of motion induced by the odd-dimensional initial constants of
motion. This problem was solved in [35] with the help of so(3) representation theory, then, was
continued in [50].
This Chapter contains 3 sections.
In 3.1, following but extending [29], we relate the symmetries of conformal mechanics to the
particular system of differential equations on the spherical phase space. The analysis is simpli-
fied by the use of so(3) representations, which clarifies the origin of the spin operators appearing
in the final system.
In 3.2 we construct a series of the constants of motion for the spherical mechanics, which is
induced by the constants of motion (of any conformal dimension) for the conformal system.
In 3.3 we apply our method to the rational A3 Calogero model and derive the complete set of
functionally independent constants of motion for the cuboctahedric Higgs oscillator.
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3.1 The spherical part of conformal mechanics
Here, following [29] and [35], we relate the constants of motion of the conformal mechanics (3.2)
with certain differential equations on the phase space of the associated spherical mechanics.
For any function f on phase space, define the associated Hamiltonian vector field by the Poisson
bracket action fˆ = {f, .}. For example, the Hamiltonian vector fields corresponding to the
generators H,D,K (3.2), and Casimir element (3.4) read
Hˆ = pr
∂
∂r
+
4I
r3
∂
∂pr
+
2Iˆ
r2
, Kˆ = −r ∂
∂pr
, Dˆ =
r
2
∂
∂r
− pr
2
∂
∂pr
, (3.5)
and Iˆ = HKˆ +KHˆ − 2DDˆ. (3.6)
Since the assignment f 7→ fˆ is a Lie algebra homomorphism, the vector fields Hˆ, Kˆ, Dˆ satisfy
the so(1, 2) algebra (3.1), and the vector field of the Casimir element Iˆ, of course, commutes
with them.
Any constant of motion is the lowest weight vector of the conformal algebra (3.1), since it is
annihilated by the Hamiltonian. Without any restriction, one can choose it to have a certain
conformal dimension (spin):
HˆIs = 0, DˆIs = −2sIs. (3.7)
A conformal mechanics which describes identical particles and possesses a permutation-invariant
cubic (in momenta, s=3/2) constant of motion commuting with the total momentum yields the
rational Calogero model, which is an integrable system [51].
In the following, we consider only nonnegative integer and half-integer values of the spin s, so
that Is yields a finite-dimensional (nonunitary) representation of the so(1, 2) algebra (3.5). This
includes the N -particle rational Calogero model and its extensions, whose Liouville constants
of motion are polynomials in the momenta.
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Our goal is to derive the constants of motion for the “spherical” Hamiltonian (3.4) from the
constants of motion of the initial conformal Hamiltonian. Using (3.2), (3.5), and (3.6) it is easy
to see that the conservation condition (3.7) is equivalent to the equation
(Iˆ − Mˆ) Is(pr, r, u) = 0, where Mˆ = 2(Sˆ− − ISˆ+). (3.8)
Here, the one-dimensional vector fields Sˆ± together with Sˆz are given by
Sˆ+ =
1
r
∂
∂pr
, Sˆ− = −prr2 ∂
∂r
, Sˆz = −1
2
(
r
∂
∂r
+ pr
∂
∂pr
)
. (3.9)
Interestingly, they form an so(3) algebra,
[Sˆ+, Sˆ−] = 2Sˆz, [Sˆz, Sˆ±] = ±Sˆ±. (3.10)
Note that Sˆ+ is generated by the Hamiltonian S+ = − log(r) while the other two vector fields
are not Hamiltonian.
The integral (3.7) can be presented as a sum of terms with decoupled radial and angular
coordinates and momenta 1,
Is(pr, r, u) =
s∑
m=−s
fs,m(u) Rs,m(pr, r) with Rs,m(pr, r) =
√(
2s
s+m
)
ps−mr
rs+m
. (3.11)
The radial functions Rs,m form a spin s-representation (s = 0,
1
2
, . . . ) of the so(3) algebra (3.10),
Sˆ+Rs,m =
√
(s−m)(s+m+1)Rs,m+1,
Sˆ−Rs,m =
√
(s−m+1)(s+m)Rs,m−1,
SˆzRs,m = mRs,m.
(3.12)
Hence, Iˆ acts nontrivially only on the angular functions, while the Sˆa act on the radial ones.
Due to the convolution (3.11), one can shift the latter action to the angular functions by
1 In comparison to the definition of fs,m(u) in [29], we have multiplied the binomial factor and applied an
index shift m→ m− s. This makes more apparent the so(3) properties and simplifies further relations.
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transposing the so(3) matrices. As a result, the action of Iˆ on the spin-s states fs,m is given by
Iˆfs,m =
∑
m′
Mmm′fs,m′ = 2
(√
(s−m)(s+m+1)fs,m+1 − I
√
(s−m+1)(s+m)fs,m−1
)
. (3.13)
This is a system of 2s+1 first-order linear homogeneous differential equations for the angular
functions fs,m(u). The coefficients depend only on I, which commutes with the differential
operator, and so they can be treated as constants. Note that all angular coefficients must obey
the related (2s+1)th-order linear homogeneous differential equation
Det(Iˆ −M)fs,m = 0, (3.14)
which is, in fact, equivalent to the system (3.13), since any solution f of (3.14) also generates a
solution of the original system. Indeed, using (3.13), one can recursively express each function
fs,m as a (s±m)th-order polynomial in Iˆ acting on the function fs,∓s. Diagonalization of the
matrixM decouples the system (3.13) into independent equations, pertaining to the eigenvalues
and eigenvectors of the vector field Iˆ.
Consider now some consequences of the relation (3.13). From a constant of motion of the
Hamiltonian, one can construct other constants with the same conformal spin by successive
application of the vector field generated by the spherical Hamiltonian:
Is
Iˆ−→ I(1)s Iˆ−→ I(2)s Iˆ−→ . . . Iˆ−→ I(k)s Iˆ−→ . . . , I(k)s := IˆkIs. (3.15)
In general, the members of this sequence are not in involution. At most the first 2s+1 integrals
can be independent, while the remaining ones are expressed through them linearly with I-
dependent coefficients, since the vector field Iˆ acts on the (2s+1)-vector of constants I(k)s as a
square matrix with I-valued entries. The exact amount of functionally independent integrals
depends on the Is as well as on the concrete realization of the conformal mechanics.
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3.2 Constants of motion of the spherical mechanics
The spin-j representation of the rotation group parameterized by three Euler angles is given by
the Wigner D-matrix [52, 53, 54]. Let us remind some formulae about Wigner (small) d-matrix.
We only need the (small) d-matrix, which describes the rotation around the y axis,
dsm′m(β) = 〈sm′| exp(−iβSy)|sm〉, (3.16)
where m,m′ = −s, . . . , s are the spin z-projection quantum numbers. Its elements are real and
given by [52]
dsm′m(β) =
∑
t
(−1)t+m′−m
√
(s+m′)!(s−m′)!(s+m)!(s−m)!
(j+m−t)!(m′−m+t)!(j−m′−t)! ×
× (cos β
2
)2s+m−m′−2t (
sin β
2
)m′−m+2t
,
(3.17)
where the sum is over such values of t that the factorials in the denominator are nonnegative.
The elements obey
dsm′m(β) = d
s
mm′(−β) = (−1)m−m
′
dsmm′(β) = d
s
−m−m′(β). (3.18)
For β = π/2, the above expression simplifies to
dsm′m(π/2) = 2
−s∑
t
(−1)t+m′−m
√
(s+m′)!(s−m′)!(s+m)!(s−m)!
(s+m−t)!(m′−m+t)!(s−m′−t)! . (3.19)
Further simplifications occur when one of the spin-projection quantum numbers vanishes, which
is possible for integer spins only:
dsm0(π/2) = (−1)
s+m
2 δs−m,2Z
√
(s−m)!(s+m)!
2s
(
s+m
2
)
!
(
s−m
2
)
!
= (−1) s+m2 δs−m,2Z
√
(s+m−1)!!(s−m−1)!!
(s+m)!!(s−m)!!
ds0m(π/2) = (−1)
s−m
2 δs−m,2Z
√
(s−m)!(s+m)!
2s
(
s+m
2
)
!
(
s−m
2
)
!
= (−1) s−m2 δs−m,2Z
√
(s+m−1)!!(s−m−1)!!
(s+m)!!(s−m)!!
ds00(π/2) = (−1)
s
2 δs,2Z
(s−1)!!
s!!
(3.20)
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The factor δs−m,2Z excludes odd values of s−m, for which the matrix elements vanish. For
β = π/2, the relations are supplemented by
dsm′m(π/2) = (−1)s+m
′
dsm′−m(π/2) = (−1)s−mds−m′m(π/2), (3.21)
which can be obtained from dsm′m(π) = (−1)s−mδm′,−m.
Now we shall present the construction of the constants of motion for the spherical mechanics
(ω0, I) from those for the initial conformal mechanics, based on so(3) group representations.
This method yields constants of motion of any conformal dimension and recovers the expressions
found in [29].
Any constant of motion Is of the original Hamiltonian is given by its coefficients in the decom-
position (3.11). The related conservation condition (3.8), (3.13), or (3.14) is decoupled into
independent equations upon diagonalization of the matrix M ,
Mˆ = 4
√−I Uˆ Sˆz Uˆ−1, where Uˆ = (−I) 12 Sˆze− iπ2 Sˆy with Sˆy = 12i(Sˆ+ − Sˆ−). (3.22)
Thus, up to an I-valued factor, the vector field Mˆ is equivalent to the usual spin-z projection
operator. The operator exp(− iπ
2
Sˆy) maps Sˆz to Sˆx. The latter is then transformed to Mˆ by
the operator (−I)Sˆz/2, which, for the present, means a formal power series. Together with the
factor i
√I it contains square roots of I. Thus Mˆ is, in general, complex and multi-valued.
When the potential is positive, as is the case in Calogero models, the spherical part is strictly
positive, and the operator (3.22) is complex but single-valued. In any case, all square roots will
cancel in the final expressions for the constants of motion.
Define now the rotated basis for the algebra (3.10), which is formed by the eigenstates of the
operator Mˆ . Using (3.22), we obtain
R˜s,m = (UˆR)s,m =
∑
m′
Um′mRs,m′ ,
Um′m = d
s
m′m(π/2)(−I)
m′
2 ,
MˆR˜s,m = mR˜s,m,
(3.23)
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where dsm′m(β) is the Wigner’s small d-matrix, which describes the rotation around the y axis
in the usual spin-s representation (3.12).
Note that the functions R˜s,m now depend on the angular variables also through I. The integral
(3.11) of the original Hamiltonian can be presented in terms of the rotated functions as
Is(pr, r, u) =
s∑
m=−s
f˜s,m(u)R˜s,m(pr, r, I(u)). (3.24)
The new coefficients are expressed in terms of old ones by means of the inverse transformation
[compare (3.11) with (3.24) and (3.23)]:
f˜s,m =
∑
m′
U−1mm′fs,m′ =
∑
m′
(−I)−m
′
2 dsm′m(π/2)fs,m′. (3.25)
In the second equation, we have applied the orthogonality condition of the d-matrix. Sub-
stituting the decomposition (3.24) into (3.8) and using the eigenvalue-eigenfunction equation
form (3.24), we arrive at a similar eigensystem equation for the vector field Iˆ and the rotated
angular coefficients:
Iˆ f˜s,m(u) = 4m
√
−I(u)f˜s,m(u). (3.26)
This provides a formal solution to the system (3.13). For systems with positive spherical part,
the eigenvalue is a well-defined purely imaginary function, and the evolution of the coefficients
driven by the spherical Hamiltonian oscillate with a frequency proportional to m,
f˜s,m(t) = e
iwm(t−t0)f˜s,m(t0) with ωm = 4m
√
I. (3.27)
Various combinations of these quantities give rise to constants of motion for the spherical
Hamiltonian. In particular, for integer spin s, the zero-frequency coefficient f˜s,0(u) is an integral
itself. Using the explicit expression of the Wigner d-matrix for this case (3.20), one can express
it in terms of the original coefficients:
Js(u) = I(u) s2 f˜s,0(u) =
s∑
m=−s
(s+m−1)!!(s−m−1)!!√
(2s)!
δs−m,2ZI(u) s−m2 fs,m(u)
=
s∑
ℓ=0
(2ℓ−1)!!(2s−2ℓ−1)!!√
(2s)!
I(u)ℓfs,2ℓ−s(u).
(3.28)
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Here, Z denotes the set of integer numbers, so that δk,2Z = 1 for even values of k and vanishes
for the odd values. The supplementary I-dependent factor in front of the angular coefficient
eliminates the fractional powers of I, leaving only integral powers of I in the final expression.
Up to a normalization factor, (3.28) coincides with the expression (5.2) of [29].
For integer values of s, the same integral can also be obtained from the equivalent higher-order
differential equation (3.14). Indeed, due to (3.22) or (3.26), the related differential operator
takes the following form:
Det(Iˆ −M) =
s∏
m=−s
(Iˆ − 4m√−I) =:

Iˆ∆ˆs for s ∈ Z,
∆ˆs for s ∈ Z+ 12 ,
(3.29)
with ∆ˆs =
∏
0<m≤s
(Iˆ2 + 16m2I).
Therefore, for integer spin value, (3.14) is reduced to
Iˆ∆ˆsfs,m ≡
s∏
m=1
(M2 + 16m2I)fs,m = 0, (3.30)
which implies that ∆ˆsfs,m is an integral of motion of I. The operator ∆ˆs projects out all but
one of the eigenfunctions f˜s,m,
∆ˆsf˜s,m = δm0(s!)
2(16I)sf˜s,m. (3.31)
Therefore, the above integral has to be proportional to (3.28). This can be verified indepen-
dently if we apply ∆ˆs to both sides of the inversion of (3.25) and use (3.23), (3.28), (3.20):
∆ˆsfs,m = Um0∆ˆsf˜s,0 = δs−m,2Z cs,m I s+m2 Js
with cs,m = (−8i)ss!
(
s
s+m
2
)√
(s−m)!(s+m)! .
(3.32)
How to construct an integral of I from an integral of H with half-integral conformal spin?
The corresponding representation has no m=0 state, but one can consider such a state in the
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integral I2s = I
2
s , which has integral spin value equal to 2s. In general, integrals of I can be
built also by bilinear combinations of fs,m(u) with opposite values of the spin projection. In
fact, any state
Jms = (−I)sf˜s,mf˜s,−m =
∑
m′,m′′
i4s+m
′′−m′dsm′′m(π/2)d
s
m′m(π/2) Is−
m′+m′′
2 fs,m′fs,m′′
=
∑
m′,m′′
δm′′−m′,2Z (−1)2s+m
′′
−m′
2 dsm′′m(π/2)d
s
m′m(π/2) Is−
m′+m′′
2 fs,m′fs,m′′
(3.33)
is an integral of I. In the first equation, we have used the symmetry property (3.21) of the
d-matrix. The Kronecker delta appears after symmetrization over the two summation indices
in the first double sum, with the help of
1
2
(im
′′−m′ + im
′−m”) = im
′′−m′ 1
2
(1 + (−1)m′−m′′) = im′′−m′δm′′−m′,2Z. (3.34)
Therefore, the constant of motion Jms of the spherical Hamiltonian is a real polynomial of order
2s in I.
There is a clear interpretation of the constructed integrals in terms of representation theory.
Take some set of angular functions satisfying (3.8) or (3.13), which means that the related quan-
tity Is (3.11) is an integral ofH . Then, according to the tensor product of so(3) representations,
one can construct other sets of angular functions,
fS,m(u) =
∑
m1+m2=m
CS,ms,m1,s,m2fs,m1(u)fs,m2(u) with S = 2s, 2s− 2, . . . , (3.35)
which satisfy a similar equation.
Clebsch-Gordan coefficients are the expansion coefficients of total-spin eigenstates |SM〉 in
terms of the product basis |s1m1s2m2〉 of eigenstates of the two coupled spins,
CS,Ms1,m1,s2,m2 = 〈s1m1s2m2|SM〉. (3.36)
The general expression is complicated, but special cases are often quite simple like for the
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highest total-spin value:
Cs1+s2,m1+m2s1,m1,s2,m2 =
√√√√( 2s1s1−m1)( 2s2s2−m2)(
2s1+2s2
s1+s2−m1−m2
) . (3.37)
The Clebsch-Gordan coefficients have an even-odd exchange symmetry depending on the total-
spin value,
Cs,ms1,m1,s2,m2 = (−1)s1+s2−sCs,ms2,m2,s1,m1. (3.38)
The multiplets with odd values of S−2s are absent in the symmetric tensor product, due to
the exchange symmetry of the Clebsch-Gordan coefficients (3.38). From the angular functions
(3.35) one can compose “new” integrals of the original Hamiltonian via
I ′S =
∑
m
fS,mRS,m with S = 2s, 2s− 2, . . . , (3.39)
each corresponding to a symmetric multiplet in the tensor product of two spin-s multiplets.
Note that the first integral from this set just coincides with the square of the original integral,
I ′2s = I
2
s , as can easily be verified using (3.37). Since S is always integer, the related multiplet
contains an m = 0 state, which is a constant of motion of the spherical Hamiltonian:
FSs (u) =
∑
m
CS,0s,m,s,−mJ sm(u). (3.40)
Unwanted fractional powers of I cancel as before. These two sets of integrals are, of course,
equivalent.
A similar “blending” procedure can be applied to the mixing of two different integrals Is1 and
Is2 with integer value of s1−s2. The resulting integrals of I are parameterized by the whole set
of 2smin+1 different angular momenta obeying the sum rule.
The construction straightforwardly generalizes also to multilinear forms composed from the
angular functions. The expression (3.33) expands to
Jm1...mks1...sk (u) = I(u)
1
2
∑
ℓ sℓ
k∏
ℓ=1
f˜sℓ,mℓ(u) with
k∑
ℓ=1
mℓ = 0, (3.41)
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where the last relation implies that the total spin
∑
sℓ must be an integer. These observ-
ables can be combined into a single multiplet of integer spin S by a (k−1)-fold application
of the Clebsch-Gordan decomposition. The final set of observables f˜S,m forms an integral of
the original Hamiltonian, while its m=0 element corresponds to an integral of the spherical
Hamiltonian.
So far, we have only considered products of the angular functions. More generally however, one
could also employ fractions of them, with the same spin projection of the numerator and the
denominator, such as f˜s1,m/f˜s2,m. Of course, this entails introducing singularities, which might
create problems for the quantization due to inverse powers of moments.
It has to be mentioned that the variety of angular constants of motion constructed here are
not independent. It may even happen that some of them vanish. Moreover, the compatibility
of the integrals of motion for H does not at all yet imply the compatibility of the associated
integrals for I, as can be seen from (3.33).
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Examples
At the end of this section, we demonstrate our method by presenting some simplest examples
for the obtained constants of motion.
First we note that there exist two bilinear conserved quantities (3.33) and (3.40), which have a
rather simple form in terms of the original angular coefficients. The first one is the canonical
“singlet”, which is the same both in the original and the rotated basis,
F0s (u) ∼
∑
m
(−1)s−mf˜s,mf˜s,−m =
∑
m
(−1)s−mfs,mfs,−m. (3.42)
The second one is given by the trivial superpositions of the states (3.33), which is reduced by
the orthogonality of the d-matrices to
∑
m
Jms ∼
∑
m
Is−mf 2s,m. (3.43)
For the integral Is of the Hamiltonian H with conformal spin s=
1
2
, the general formula (3.33)
takes its simplest form, up to a normalization factor,
J
1
2
1
2
∼ If 21
2
,− 1
2
+ f 21
2
, 1
2
. (3.44)
Consider now the integral with conformal spin s=1 of the original Hamiltonian. The related
linear integral of I is (see (3.28))
J1 ∼ If1,1 + f1,−1. (3.45)
In addition, there are two quadratic integrals given by (3.33), one of which (Jm=0s=1 ) is the
square of the above integral, while the other one can be identified with either (3.42) or (3.43).
The Hamiltonian itself can be considered as a particular case. For I1 = H , the coefficient f10
vanishes while the others become constants, so the sole constant of I extracted from H is I
itself.
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The first nontrivial case corresponds to the next conformal spin s = 3
2
, when there is no linear
but two independent quadratic integrals. The simplest choice then are the two functions (3.42)
and (3.43).
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3.3 Four-particle Calogero model
The (rational) Calogero model [36, 37, 38], which is an integrable N -particle one-dimensional
system with pairwise inverse-square interaction (and its various generalizations related with
different Lie algebras and Coxeter groups [39]) is a famous example of a conformal mechanical
system (for the review, see [40]). Usually, Lax-pair and matrix-model approaches are employed
for the study of this system. These are common methods which are applied to other integrable
models not related to the conformal group. At the same time, many properties of the rational
Calogero model are due to its conformal invariance, and they are shared with other conformal
mechanical models. For example, the “decoupling transformation” in the Calogero model [46]
can be formulated purely in terms of conformal transformations [47, 48, 49] (see also [55]).
Note that the rational N -particle Calogero model is a maximally superintegrable system, i.e. it
possesses N−1 additional functionally independent integrals apart from the Liouville integrals
being in involution [43]. Despite an impressive list of references on this subject [56], the superin-
tegrability of the Calogero model still seems to be mysterious. Preliminary considerations have
indicated a direct connection between the additional constants of motion and the “angular”
part of the Calogero model [41].
Let us use the general method developed in the previous section to construct the complete
set of constants of motion for the spherical mechanics of the four-particle Calogero model after
decoupling the center of mass (i.e. of the rational A3 Calogero model). This spherical mechanics
also describes a particle on the two-dimensional sphere, interacting by the Higgs-oscillator law
with force centers located in the vertices of a cuboctahedron. By this reason, the system was
termed “cuboctahedric Higgs oscillator” [41].
We remind that the standard rational Calogero model,
H =
1
2
N∑
i=1
p2i +
∑
i<j
g2
(xi − xj)2 , (3.46)
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has N Liouville constants of motion, given in terms of a Lax matrix by the expression [40]
Is = TrL
2s with s = 1
2
, 1, . . . , N
2
, (3.47)
where
Ljk = δjkpk + (1−δjk) ig
xj − xk . (3.48)
Hence, I 1
2
=
∑
i pi and I1 =
1
2
H . Furthermore, the quantities
I(1)s = IˆIs for s 6= 1 (3.49)
coincide with Wojciechowski’s additional integrals [29]. Together with (3.47), they form a
complete set of functionally independent integrals making the system maximally superintegrable
[43].
We choose N=4 and pass to new coordinates
y0 =
1
2
(x1+x2+x3+x4), y1 =
1
2
(x1+x2−x3−x4),
y2 =
1
2
(x1−x2+x3−x4), y3 = 12(x1−x2−x3+x4)
(3.50)
and associated momenta p˜i with i = 0, 1, 2, 3. This transformation decouples the center-of-mass
coordinate y0 and momentum p˜0 from the others. After setting
y0 = 0, p˜0 = 0, (3.51)
the Hamiltonian takes the form of the rational D3∼A3 Calogero model [41]
H = 1
2
3∑
i=1
p˜2i +
3∑
i,j=1
(
g2
(yi − yj)2 +
g2
(yi + yj)2
)
= 1
2
p2r +
I(pθ, pϕ, θ, ϕ)
2r2
. (3.52)
In the second equation, we introduced spherical coordinates (r, θ, ϕ) on R3(y1, y2, y3) together
with their conjugate momenta (pr, pθ, pϕ), so that
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I(pθ, pϕ, θ, ϕ) = p2θ +
p2ϕ
sin2 θ
+
+
2g2
sin2 θ
∑
±
[
1
(cosϕ± sinϕ)2 +
1
(cot θ ± sinϕ)2 +
1
(cot θ ± cosϕ)2
]
,
(3.53)
According to (3.47) and (3.48), the conformal Hamiltonian (3.52) has two Liouville constants
of motion of conformal dimension three and four, given by
I 3
2
= Tr(L3) =
4∑
i=1
p3i + . . . = 3p˜1p˜2p˜3 + . . . =
3
2
p3r cos θ sin
2 θ sin 2ϕ+ . . . , (3.54)
I2 = Tr(L
4) =
4∑
i=1
p4i + . . . =
1
4
(p˜41 + p˜
4
2 + p˜
4
3) +
3
2
(p˜21p˜
2
1 + p˜
2
1p˜
2
3 + p˜
2
2p˜
2
3) + . . . =
= 1
4
p4r
(
sin2 2θ + sin4 θ sin2 2ϕ+ 1
)
+ . . . .
(3.55)
Here, we have written out only the terms of highest order in the momentum. Comparing
(3.54) and (3.55) with (3.11), we obtain the spherical functions fs,−s as the coefficients of the
monomials p2sr ,
f 3
2
(θ, ϕ) = 3
2
cos θ sin2 θ sin 2ϕ, f2(θ, ϕ) =
1
4
(
sin22θ + sin4θ sin22ϕ
)
. (3.56)
Here and in the following, we use for convenience the shorter notation
fs(θ, ϕ) := fs,−s(θ, ϕ). (3.57)
The Liouville integrals (3.54) and (3.55) are supplemented by the two related Wojciechowski
integrals I
(1)
3
2
and I
(1)
2 (3.49), whose leading-term coefficients are
g 3
2
= Iˆ f 3
2
and g2 = Iˆ f2. (3.58)
Note that the fs depend on the angles only while the gs are linear in the angular momenta.
Together with the Hamiltonian (3.52), we obtain a complete set {H, I 3
2
, I
(1)
3
2
, I2, I
(1)
2 } of five
independent integrals.
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In order to derive the Poisson algebra of integrals, we compute first the commutators between
the related coefficients:
{f 3
2
, g 3
2
} = 18 (f 23
2
− f2), {f2, g2} = 8 (4f 22 − 13f 23
2
− f2),
{f 3
2
, f2} = 0, {g 3
2
, g2} = 4 (2g 3
2
f2 − 3f 3
2
g2),
{f 3
2
, g2} = {f2, g 3
2
} = 8f 3
2
(3f2 − 1).
(3.59)
Since the map Is → fs is a Poisson algebra homomorphism [29], we immediately get the
analogous relations for the constants of motion by inserting powers of 2H in order to balance
the conformal spins on both sides of the equations (the coefficient for the Hamiltonian (3.52)
is a constant: f1 =
1
2
). Thus, the nontrivial Poisson brackets are
{I 3
2
, I
(1)
3
2
} = 18 (I23
2
− 2I2H), {I2, I(1)2 } = 8 (4I22 − 23I23
2
H − 4I2H2),
{I 3
2
, I
(1)
2 } = {I2, I(1)3
2
} = 8I 3
2
(3I2 − 4H2), {I(1)3
2
, I
(1)
2 } = 4 (2I(1)3
2
I2 − 3I 3
2
I
(1)
2 ).
(3.60)
This is a particular realization of part of the quadratic algebra related to the Hamiltonian [57]
(see [58] for rational Calogero models based on arbitrary root systems). It is expressed in terms
of independent generators, therefore higher orders appear on the right-hand sides.
We now derive a complete set of functionally independent constants of motion for the spherical
mechanics of the four-particle Calogero model. The second expression in (3.29) immediately
yields the spherical constant of motion associated with (3.55),
J2 = − 1√6
(
1
256
Iˆ4 + 5
16
IIˆ2 + 4I2)f2. (3.61)
Its explicit expression, which can be calculated using (3.53) and (3.56), is highly complicated,
J2 = 1√6
[
1
16
(3 cos 4ϕ− 11) p4θ − 34 cot θ sin 4ϕ p3θpϕ −
(11+9 cos 4ϕ
8 sin2 θ
+9
4
sin2 2ϕ
)
p2θp
2
ϕ
+3
4
cot3 θ sin 4ϕ pθp
3
ϕ +
3 cos4 θ cos 4ϕ+ 21 sin4 θ − 18 sin2 θ − 11
16 sin4 θ
p4ϕ
]
+g2K1(θ, ϕ) p
2
θ + g
2K2(θ, ϕ) pθpϕ + g
2K3(θ, ϕ) p
2
ϕ + g
4K4(θ, ϕ),
(3.62)
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where the functions K1(θ, ϕ), K2(θ, ϕ), K3(θ, ϕ), K4(θ, ϕ) are given by
K1(θ, ϕ) =
1
214
√
6 cos2 2ϕ (cos2 θ − sin2 θ cos2 ϕ)2(2 sin2 θ cos 2ϕ+ 3 cos 2θ + 1) × (3.63)(
768 (25 + 29 cos 2θ) sin6 θ cos 12ϕ+ 96 (1370 + 2327 cos 2θ + 1542 cos 4θ + 393 cos 6θ) sin2 θ cos 8ϕ
− (119258 + 175774 cos 2θ + 45096 cos 4θ + 57723 cos 6θ − 10242 cos 8θ + 5607 cos 10θ) sin−2 θ cos 4ϕ
+ (1021064 + 365088 cos 2θ − 223008 cos 4θ − 183840 cos 6θ − 61800 cos 8θ − 655360 sin−2 θ)
)
,
K2(θ, ϕ) =
3 cot θ tan 2ϕ
8
√
6 sin2 θ (17 cos 4θ + 28 cos 2θ − 8 sin4 θ cos 4ϕ+ 19)2 × (3.64)(
351 cos 10θ + 1350 cos 8θ + 13779 cos 6θ + 9992 cos 4θ + 35022 cos 2θ − 13824 sin8 θ cos2 θ cos 8ϕ+ 5042
− 64 (81 cos 6θ + 702 cos 4θ + 1071 cos 2θ + 962) sin4 θ cos 4ϕ
)
,
K3(θ, ϕ) =
1
16
√
6 cos2 2ϕ (17 cos 4θ + 28 cos 2θ − 8 sin4 θ cos 4ϕ+ 19)2 × (3.65)(
162 (13 sin 2ϕ+ sin 6ϕ)2 cos 8θ + 24 (3898−1569 cos 4ϕ−282 cos 8ϕ+cos 12ϕ) cos 6θ
+ 36 (6686+1931 cos 4ϕ−430 cos 8ϕ+5 cos 12ϕ) cos 4θ + 72 (546+10587 cos 4ϕ−898 cos 8ϕ+5 cos 12ϕ) cos 2θ
− (1087746−1625907 cos 4ϕ+46158 cos 8ϕ+483 cos 12ϕ)
+ 262144 (5−4 cos 4ϕ) sin−2 θ − 32768 (11−3 cos 4ϕ) sin−4 θ
)
,
K4(θ, ϕ) =
−1
64
√
6
(
(60 cos 2θ + 33 cos 4θ + 35) cos 2ϕ− 8 sin4 θ cos 6ϕ)4× (3.66)[
64(335698872 cos 2θ + 204278376 cos 4θ + 100740648 cos 6θ + 30799596 cos 8θ + 3629304 cos 10θ
+ 515160 cos 12θ − 649944 cos 14θ − 194643 cos 16θ + 197597863) cos 8ϕ
+ 384 sin4 θ
(
(−16777208 cos 2θ − 15290507 cos 4θ − 10272396 cos 6θ − 4824234 cos 8θ − 2019708 cos 10θ
− 312741 cos 12θ − 8174886) cos 12ϕ− 768 sin8 θ(828 cos 2θ + 243 cos 4θ + 617) cos 20ϕ
− 32 sin4 θ(290832 cos 2θ + 188916 cos 4θ + 81648 cos 6θ + 13851 cos 8θ + 166129) cos 16ϕ)
+ sin−4 θ
(−(9941103400 cos 2θ + 11541549238 cos 4θ + 10411072176 cos 6θ + 8259070392 cos 8θ
+ 4658511600 cos 10θ + 1965778311 cos 12θ + 569460204 cos 14θ + 67528026 cos 16θ − 29495988 cos 18θ
− 8028477 cos 20θ + 4163058670) cos 4ϕ+ 62158979032 cos 2θ + 46026533130 cos 4θ + 27521060688 cos 6θ
+ 12943186248 cos 8θ + 4533912336 cos 10θ + 1033949913 cos 12θ − 11388780 cos 14θ − 94673178 cos 16θ
− 31001292 cos 18θ − 6738147 cos 20θ + 34904741074)] .
The system of equations (3.13) can be applied in order to express the coefficients f 3
2
,m in terms
of the “lowest” one:
f 3
2
,− 1
2
= 1
2
√
3
Iˆf 3
2
, f 3
2
, 1
2
=
(
1
8
√
3
Iˆ2 +
√
3
2
I)f 3
2
, f 3
2
, 3
2
=
(
1
48
Iˆ2 + 7
12
I)Iˆf 3
2
. (3.67)
56
Then, using (3.53) and (3.56), one obtains the spherical constants of motion (3.33) associated
with (3.54), namely J
3
2
3
2
and J
1
2
3
2
. Their explicit expressions are rather lengthy:
J
1
2
3
2
= − 3
32
sin2 2ϕ p6θ − 316 cot θ sin 4ϕ p5θpϕ
− 3
128 sin2 θ
(
6 cos2 θ + (13− 3 cos 2θ) cos 4ϕ) p4θp2ϕ
− 3
128 sin4 θ
(
22 sin4 θ − (43− 53 cos 2θ) cos 4ϕ cos2 θ + 6 cos 2θ) p2θp4ϕ
− 3
32 sin5 θ
(7− 9 cos 2θ) cos3 θ sin 4ϕ pθp5ϕ + 32 cot θ sin 4ϕ p3θp3ϕ
− 3 cos2 θ
128 sin6 θ
(
(5 + 11 cos 4ϕ) sin2 θ + (2− 9 cos 2θ sin2 θ)(1− cos 4ϕ)) p6ϕ
+ terms of lower order in pθ and pϕ,
(3.68)
J
3
2
3
2
= − 9
32
sin2 2ϕ p6θ − 916 cot θ sin 4ϕ p5θpϕ − 964
(
5 cos 4ϕ+3
sin2 θ
+ 10 sin2 2ϕ
)
p4θp
2
ϕ
− 9
64 sin4 θ
(
5 cos4 θ cos 4ϕ+ 10 sin2 θ − 5 sin4 θ + 3) p2θp4ϕ + 916 cot5 θ sin 4ϕ pθp5ϕ
+ 9 cos
2 θ
64 sin6 θ
(
cos4 θ cos 4ϕ− 6 sin2 θ − sin4 θ − 1) p6ϕ
+ terms of lower order in pθ and pϕ.
(3.69)
Clearly, I, J2, J
1
2
3
2
and J
3
2
3
2
cannot be functionally independent, since our spherical mechanics
has a four-dimensional phase space. Indeed, we uncover the following algebraic relation,
J
3
2
3
2
= 1
3
J
1
2
3
2
+ 2
√
2
3
J2I + 13I3 + 4g2I2. (3.70)
This is the only relation among the four constants of motion, since (3.68) and (3.69) are
not in involution with (3.62). Even their free-particle parts (g=0 projects to the terms of
highest order in the momenta) do not commute as is easy to verify. Hence, we have found
three functionally independent spherical constants of motion for the A3 Calogero model. This
confirms the superintegrability of that system.
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4 A PARTICLE NEAR THE HORIZON OF EXTREMAL
BLACK HOLES
4.1 Conformal mechanics associated with the near horizon geometry
The black hole solutions allowed in supersymmetric field theories have an extremality property,
that is, the inner and outer horizons of the black hole coalesce. In this case one can pass to
the near-horizon limit, which brings us to new solutions of Einstein equations. In this limit
(near-horizon extremal black hole) the solutions become conformal invariant. The conformal
invariance was one of the main reasons why the extremal black holes have been payed so much
attention to for the last fifteen years. Indeed, due to conformal invariance black hole solutions
are a good research area for studying conformal field theories and AdS/CFT correspondence
(for the recent review see [17]). The simplest way to research this type of configurations is to
study the motion of a (super)particle in this background. The first paper that considered such a
problem is [18], where the motion of particle near horizon of extremal Reissner-Nordstro¨m black
hole has been considered. Later similar problems in various extremal black hole backgrounds
were studied by several authors (see [19, 20, 21] and refs therein).
In general, some important features of a black hole are adequately captured in the model of a
relativistic particle moving on the curved background [59]. A classic example of such a kind
is the discovery of a quadratic first integral for a massive particle in the Kerr space–time [60]
which preceded the construction of the second rank Killing tensor for the Kerr geometry [61].
In some instances the argument can be reversed. In Ref. [18] a massive charged particle moving
near the horizon of the extremal Reissner-Nordstro¨m black hole was related to the conventional
conformal mechanics in one dimension [16] by implementing a specific limit in which the black
hole mass M is large, the difference between the particle mass and the absolute value of its
charge (m−|e|) tends to zero withM2(m−|e|) fixed. The angular variables effectively decouple
in the above mentioned limit and show up only in an indirect way via the effective coupling
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constant characterizing the conformal mechanics. In that setting the absence of a normalizable
ground state in the conformal mechanics and the necessity to redefine its Hamiltonian [16] were
given a new black hole interpretation [18].
It is obvious, that particle moving on conformal-invariant background inherits the property
of (dynamical) conformal symmetry, that is, one can present additional generators K and D,
which form, together with the Hamiltonian H , the conformal algebra 3.1 (see page 37):
{H,D} = H, {D,K} = K, {H,K} = 2D.
Conformal mechanics associated with the near horizon geometry of an extremal black hole is
described by the triple [59]
H =r
(√
(rpr)
2 + L(pa, ϕa)− q(pa, ϕa)
)
,
K =
1
r
(√
(rpr)
2 + L(pa, ϕa) + q(pa, ϕ
a)
)
+ t2H + 2trpr,
D =tH + rpr,
(4.1)
which involves the Hamiltonian H , the generator of dilatations D, and the generator of special
conformal transformations K.
As proved in Chapter 3, one can state that a conformal mechanics can be presented in a
non-relativistic “canonical” form
H =
p2R
2
+
2I(u)
R2
, Ω = dpR ∧ dR+ 1
2
ωαβ(u) du
α ∧ duβ. (4.2)
where R and pR are the new effective radial coordinate and the momentum, and I = HK−D2
is the Casimir element of so(2, 1) algebra. We will show how the new radial coordinate and
momentum R and pR are related to the old ones shortly.
There is no general canonical transformation known which transforms arbitrary conformal me-
chanics to the form (4.2). For the particular case of the near-horizon motion of the particle
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in the extremal Reissner-Nordstro¨m background such transformation has been suggested in
[62], while recently it was extended to the case of general four-dimensional near horizon ex-
tremal black hole in [59]. In the latter the authors, taking into account the integrability of
this system, suggested the generic canonical transformation, assuming that the angular sys-
tem (1
2
ωαβdu
α ∧ duβ, I(u)) is formulated in action-angle variables. They exemplified their
scheme, constructing the action-angle variables for a neutral particle near the horizon of ex-
tremal Reissner-Nordstro¨m black hole, as well as discussed the case of the charged particle near
the horizon of extremal Dilaton-Axion (Cle´ment-Gal’tsov) black hole[63], without actually con-
structing the action-angle variables for the second system. Then, the action-angle formulation
for the angular part of a near-horizon particle dynamics in the extremal Kerr black hole back-
ground has also been presented [64].
The functions L(pa, ϕ
a) and q(pa, ϕ
a) entering Eq. (4.1) depend on the details of a particular
black hole under consideration: see [62, 21] for the near horizon extremal Reissner-Nordstro¨m
black hole, [65] for the rotating extremal dilaton–axion black hole, [66] for the extremal Kerr
solution, and [67] for the extremal Kerr-Newman and Kerr-Newman-AdS-dS black holes.
Let us denote D0 = D|t=0, K0 = K|t=0, where t is the temporal coordinate. Note that H , D0
and K0 obey the structure relations of so(2, 1) as well. The latter fact allows one to separate
the radial canonical pair from the rest by introducing the new radial coordinate [29]
R =
√
2K0, pR =
2D0√
2K0
⇒ {pR, R} = 1 (4.3)
such that
H =
1
2
p2R +
2I
R2
, (4.4)
where I is the Casimir element of so(2, 1)
I = HK −D2 = HK0 −D20 = L(pa, ϕa)− q(pa, ϕa)2. (4.5)
In general, I is at most quadratic in momenta canonically conjugate to the remaining angular
60
variables.
However, with respect to the Poisson bracket the new radial variables (R, pR) do not commute
with pa, ϕ
a. In order to split them, we perform a canonical transformation (r, pr, ϕ
a, pa) →
(R, pR, ϕ˜
a, p˜a), which is defined by (4.3) and by the following transformation of the remaining
variables (for related earlier studies see [62, 68, 21, 59])
ϕ˜a = ϕa +
∂U
∂pa
, p˜a = pa − ∂U
∂ϕa
,
U(rpr, pa, ϕ
a) ≡ 1
2
∫
x=rpr
dx log
(√
x2/4 + L(pa, ϕa) + f(pa)
)
.
(4.6)
As a result, (R, pR) and (ϕ˜
a, p˜a) constitute canonical pairs.
Thus, by applying a proper canonical transformation one can bring the model of a massive
relativistic particle moving near the horizon of an extremal black hole to the conventional
conformal mechanics form. Important information about the system, which was originally
defined in d dimensions, is thus imprinted in the (d− 2)–dimensional spherical mechanics.
In this way the spherical sectors of the conformal mechanics on the Reissner-Nordstro¨m,
Dilaton-Axion and Kerr backgrounds [64, 69], as well as on the Myers–Perry background with
equal rotation parameters [70] were analyzed. Spherical mechanics describing these systems
looks as follows [71]:
Reissner-Nordstro¨m BH. The spherical mechanics associated with the near horizon Reissner-
Nordstro¨m black hole is governed by the Hamiltonian
I = p2θ +
(pϕ + ep cos θ)
2
sin2 θ
+ (mM)2 − (eq)2, ω = dpθ ∧ dθ + dpϕ ∧ dϕ, (4.7)
where m and e are the mass and the electric charge of a particle, while M , q and g are the
mass, the electric and magnetic charges of the black hole, respectively. This is precisely the
spherical Landau problem (a particle on a two-dimensional sphere in the presence of a constant
magnetic field generated by the Dirac monopole) shifted by the constant I0 = (mM)2 − (eq)2.
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A link between the two systems was discussed in [62, 21].
Clement-Gal’tsov BH. This solution of the Einstein–Maxwell–dilaton–axion theory can be
viewed as interpolating between the near horizon extremal Reissner-Nordstro¨m black hole and
the near horizon extremal Kerr black hole [65]. The corresponding spherical mechanics reads
I = p2θ +
(pϕ cos θ − e)2
sin2 θ
+m2. (4.8)
Here m and e are the mass and the electric charge of a particle. This system coincides with
the planar rotator [59, 69].
Kerr BH. Spherical mechanics associated with the near horizon Kerr geometry is defined by
the integrable but not exactly solvable system [64]
I = p2θ +
[(
1 + cos2 θ
2 sin θ
)2
− 1
]
p2ϕ +
(
1 + cos2 θ
2
)
(mr0)
2, (4.9)
where m is the mass of a particle and r0 is the horizon radius.
Kerr-Newman-AdS-dS BH. The Kerr-Newman-AdS-dS black hole is a solution of the
Einstein-Maxwell equations with a non-vanishing cosmological constant [72]. Its near hori-
zon limit has been constructed in [73], while the conformal mechanics on this background was
built in [67]. The Hamiltonian of the corresponding spherical mechanics reads
I = p
2
θ
α(θ)
+
(
Γ(θ)
γ(θ)
− k2
)
[pϕ + eλ(θ)]
2 + U(θ). (4.10)
It describes a particle probe on a two-dimensional curved space with the metric
ds2 = α(θ)dθ2 +
dϕ2
Γ(θ)/γ(θ)− k2 , (4.11)
62
which moves the in potential and magnetic fields defined by the expressions
U(θ) = m2Γ(θ)− e
2k2f 2(θ)
Γ(θ)/γ(θ)− k2 , λ(θ)dϕ =
Γ(θ)f(θ)
Γ(θ)− k2γ(θ)dϕ. (4.12)
Here we denoted
Γ(θ) =
r20
1 + ν2+
(
1 + ν2+ cos
2 θ
)
, α(θ) =
(
r2+
r20
)
1 + ν2+
1− ν20 cos2 θ
,
γ(θ) =
[
r+(1 + ν
2
+)
1− ν20
]
(1− ν20 cos2 θ) sin2 θ
1 + ν2+ cos
2 θ
, (4.13)
f(θ) =
1 + ν2+
ν+(1− ν20)
qe
2
(1− ν2+ cos2 θ) + qm cos θ
1 + ν2+ cos
2 θ
and used the following notation for the constant parameters
ν+ ≡ a
r+
, ν0 ≡ a
l
, k ≡ 2
(
r0
r+
)2
1 + ν20
ν+(1 + ν2+)
2
, r20 = r
2
+
(1 + ν2+)(1− r2+/l2)
1 + 6r2+/l
2 − 3r4+/l4 − q2/l2
.
(4.14)
Above m and e are the mass and the electric charge of a particle, r+ is the horizon radius
and l2 is linked to the cosmological constant via Λ = −3/l2 The parameters M , a, qe and qm
are related to the mass, angular momentum, electric and magnetic charges of the black hole,
respectively (for explicit relations see e.g. [73])
a2 =
r2+(1 + 3r
2
+/l
2)− q2
1− r2+/l2
, M =
r+[(1 + r
2
+/l
2)2 − q2/l2]
1− r2+/l2
, (4.15)
This system reduces to the near-horizon Kerr particle when qe = qm = 0 and l
2 →∞.
5dMyers–Perry BH. In the case of the five-dimensional near horizon Myers–Perry black hole
one reveals a three-dimensional integrable system governed by the Hamiltonian
I = 1
4
p2θ +
ρ40
4(a+ b)2
[
p2
φ˜
a2 sin2 θ
+
p2ψ
b2 cos2 θ
− 1
ρ20
(
b
a
pφ +
a
b
pψ
)2]
−
1
4
(√
b
a
pφ +
√
a
b
pψ
)2
+m2ρ20, ρ
2
0 = ab+ a
2 cos2 θ + b2 sin2 θ. (4.16)
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This system is integrable but not exactly solvable for arbitrary values of rotational parameters
a, b. For the special case that the rotation parameters are equal to each other a = b it becomes
exactly-solvable and maximally superintegrable
I = 1
4
[
p2θ +
p2φ
sin2 θ
+
p2ψ
cos2 θ
− 3
2
(pφ + pψ)
2 + 8(mr0)
2
]
. (4.17)
Fixing the momenta pφ, pψ we arrive the one dimensional system on the circle given by the
modified Po¨shle-Teller potential.
5d Myers-Perry-AdS-dS BH. A generalization of the five–dimensional rotating black hole
solution by Myers and Perry to include a cosmological constant was constructed in [74]. Its
near-horizon limit was built in [75]. The corresponding spherical mechanics reads
I = 1
2
∆θp
2
θ +
1
2
(
ρ40
∆θ sin
2 θ
− (1 + r
2
0/l
2)b2ρ20
∆θ
− 4a
2(r20 + b
2)
2
4r20
)
p2φ +
+
1
2
(
ρ40
∆θ cos2 θ
− (1 + r
2
0/l
2)a2ρ20
∆θ
− 4b
2(r20 + a
2)
2
4r20
)
p2ψ −
−
(
(1 + r20/l
2)abρ20
∆θ
+
4ab(r20 + a
2)(r20 + b
2)
4r20
)
pφpψ + g
2 cos2 θ. (4.18)
Here g2 is a coupling constant which vanishes for a = b, m is the particle mass and we denoted
∆ =
1
r2
(r2 + a2)(r2 + b2)(1 + r2/l2)− 2M, ∆θ = 1− (a2 cos2 θ)/l2 − (b2 sin2 θ)/l2,
ρ20 = ab+ a
2 cos2 θ + b2 sin2 θ, Ξa = 1− a2/l2, Ξb = 1− b2/l2. (4.19)
The parameters M , a, and b are linked to the mass and the angular momenta (for explicit
relations see e.g. [75]). l2 is taken to be positive for AdS and negative for dS and is related to
the cosmological constant via Λ = −6/l2.
Higher-dimensional rotating BH [76, 70, 77].
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For the extremal black hole with equal rotation parameters the Hamiltonian of a spherical
mechanics was derived in [77].
In the case of d = 2n+ 1 dimensions one finds
I =
n−1∑
i,j=1
(δij − µiµj)pµipµj +
n∑
i=1
p2φi
µ2i
− (n+ 1)
n
(
n∑
i=1
pφi
)2
, (4.20)
where (µi, pµi), i = 1, . . . , n − 1 and (φj , pφj), j = 1, . . . , n form canonical pairs obeying the
conventional Poisson brackets {µi, pµj} = δij , {φi, pφj} = δij and µ2n entering the second sum
in (4.20) is found from the unit sphere equation
∑n
i=1 µ
2
i = 1.
For d = 2n the Hamiltonian, which governs the corresponding spherical mechanics, reads
I =
n−1∑
i,j=1
((2n− 3)ρ20δij − µiµj)pµipµj+
+
n−1∑
i,j=1
(
(2n− 3)ρ20
µ2i
δij − (2n− 3)
2ρ20
2(n− 1) −
2
n− 1
)
pφipφj +m
2ρ20,
ρ20 =
2(n− 1)
2n− 3 −
n−1∑
i=1
µ2i ,
(4.21)
where (µi, pµi) and (φj, pφj), j = 1, . . . , n−1 form canonical pairs andm2 is a coupling constant.
Note that, as compared to the previous case, the number of the azimuthal coordinates is
decreased by one.
Because the azimuthal angular variables φi are cyclic, it is natural to consider a reduction
in which they are discarded. This is achieved by setting in (4.20) and (4.21) the momenta
canonically conjugate to φi to be coupling constants
pφi → gi. (4.22)
Note that, after such a reduction, both (4.20) and (4.21) yield dynamical systems, which contain
(n− 1) configuration space degrees of freedom.
Considering the reduction over the cyclic variables and investigating the integrability, we es-
tablished in [76] that the spherical mechanics corresponding to the (2n+ 1)-dimensional black
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hole is a maximally superintegrable and exactly solvable system, i.e. it is completely similar to
the five-dimensional black hole with the coinciding rotational parameters. In contrast with this
case, the spherical mechanics corresponding to the 2n-dimensional black hole lacks only one
constant of the motion to become maximally superintegrability and is not exactly solvable. The
solution of its equations of motion is given by elliptic integrals and is similar to that derived
for the Kerr background in [64].
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4.2 Near horizon metrics
Kerr black hole
The Kerr solution [78] is the stationary axially symmetric solution of the vacuum Einstein
equations, which describes the rotating black hole with mass M and angular momentum J . It
was discovered in 1963 as a solution of the vacuum Einstein equations describing the rotational
black holes. Its uniqueness, proven by Carter [79], as well as the separability of variables of the
particle moving in the Kerr background [60] gave to the Kerr solution a special role in General
Relativity.
A very particular case of the Kerr solution, when the Cauchy’s and event horizons coincide is
called extremal Kerr solution [64]. In this special case the angular momentum J of the Kerr
black hole is related with the mass of the Kerr black hole M by the expression J = γM2/c
(in the following formulae we put the gravitational constant γ = 1 and the speed of light
c = 1). In 1999 Bardeen and Horowitz derived the near-horizon limit of the extremal Kerr
solution and found that the isometry group of the limiting metric is SO(1, 2) × U(1) [80].
They conjectured that the extremal Kerr throat solution might admit a dual conformal theory
description in the spirit of AdS/CFT duality. The extensive study of AdS/Kerr duality was
initiated almost a decade later in [81] which continues today (see e.g. [82] and refs therein).
It is clear to the moment, that the near-horizon extremal Kerr solution and its generalizations
play a distinguished role in supergravity. Particularly, their thermodynamical properties and
connection to the string theory allow one to expect that the quantum gravity should be closely
related with these objects.
The Kerr solution of the vacuum Einstein equations is defined by the metric [64]
ds2 = −
(
∆− a2 sin2 θ
ρ2
)
dt2 +
ρ2
∆
dr2 + ρ2dθ2+
+
(
(r2 + a2)
2 −∆a2 sin2 θ
ρ2
)
sin2 θdϕ2 − 2a(r
2 + a2 −∆) sin2 θ
ρ2
dtdϕ,
(4.23)
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where
∆ = r2 + a2 − 2Mr, ρ2 = r2 + a2 cos2 θ, a = J
M
. (4.24)
The extremal solution of the Kerr metric corresponds to the choice M2 = J , so that the event
horizon is at r = M . The limiting near-horizon metric is given by the expression [80]
ds2 =
(
1 + cos2 θ
2
)[
−r
2
r20
dt2 +
r20
r2
dr2 + r20dθ
2
]
+
2r20 sin
2 θ
1 + cos2 θ
[
dϕ+
r
r20
dt
]2
, r0 ≡
√
2M.
(4.25)
The Kerr metric admits the second rank Killing tensor [61], which allows to integrate the
geodesic equation for a massive particle in Kerr space-time by quadratures [60]. The limiting
Killing tensor becomes reducible, in the sense that it can be constructed from the Killing vectors
corresponding to the SO(2, 1)× U(1) isometry group.
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4.3 Four-dimensional black holes
Here we will construct the action-angle variables for the angular parts of the following two
four-dimensional exactly solvable systems:
• Charged particle moving near the horizon of extremal Reissner-Nordstro¨m black hole with
magnetic charge
• Particle moving near the horizon of extremal Dilaton-Axion (Cle´ment-Gal’tsov) black
hole
The study of this problems not only fills the gap in the paper [59], but also presents its own
interest.
Let us reinforce the above mentioned observations on the near-horizon dynamics of particle in
the background of extremal Kerr black hole [64]: the use of action-angle variables allowed to
find there a critical point |pϕ| = 2mM (with m being the mass of the probe particle, M being
mass of extremal Kerr black hole), where the trajectories become closed. We will show that
there are similar singular points in the dynamics of charged particle moving near the horizons
of extremal Reissner-Nordstro¨m and Cle´ment-Gal’tsov black holes. They are defined by the
relation pϕ = ±s, where s = ep for the Reissner-Nordstro¨m case (with e being the electric
charge of probe particle, and p being magnetic charge of extremal Reissner-Nordstro¨m black
hole), and s = e for the case of extremal Cle´ment-Gal’tsov black hole (with e being the electric
charge of probe particle).
Let us shortly repeat the steps required for the construction of action angle variables of the
spherical mechanics 4.5 related to the four-dimensional extremal black hole systems. In this
particular case we have a two dimensional system (ω0, I),
I = L(θ, pθ, pϕ)− q(pϕ)2, ω0 = dpθ ∧ dθ + dpϕ ∧ dϕ, (4.26)
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To construct the action-angle variables, we should introduce the generating function
S(I, pϕ, θ, ϕ) = pϕϕ+
∫
I = const
pϕ = const
pθ(I, pϕ, θ)dθ = pϕϕ+ S0(I, pϕ, θ). (4.27)
First, we define, by its use, the action variables
I1(I, pϕ) = 1
2π
∮
pθ(I, pϕ, θ)dθ, I2 = pϕ, , (4.28)
Then, interting the first expression we get I as a function of the action variables: I = I(I1, I2).
Using this expression, we find the corresponding angle variables
Φ1,2 =
∂S(I(I1, I2), I2, θ, ϕ)
∂I1,2
(4.29)
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Reissner-Nordstro¨m black hole
Here we construct the action-angle variables for the angular part of the conformal mechanics
describing the motion of charged particle near horizon of extremal Reissner-Nordstro¨m black
hole (which defines the electrically and magnetically charged static black hole configuration).
The extremal Reissner-Nordstro¨m black hole solution of Einstein–Maxwell equations reads [21]:
ds2 = −
(
1− M
r
)2
dt2 +
(
1− M
r
)−2
dr2 + r2dΩ2 , A = −q
r
dt+ p cos θdϕ . (4.30)
Here M , q, p are the mass, the electric and magnetic charges, respectively, and dΩ2 = dθ2 +
sin2 θdϕ2 is the standard metric on a sphere. For the extremal solution one has M =
√
q2 + p2.
Throughout the paper we use units for which G = 1.
The near horizon limit is most easily accessible in isotropic coordinates (r → r −M) which
cover the region outside the horizon only
ds2 = −
(
1 +
M
r
)−2
dt2 +
(
1 +
M
r
)2 (
dr2 + r2dΩ2
)
. (4.31)
When r → 0 the metric takes the form
ds2 = −
( r
M
)2
dt2 +
(
M
r
)2
dr2 +M2dΩ2 , (4.32)
while implementing the limit in the two–form field strength, one finds the background vector
field
A =
q
M2
rdt+ p cos θdϕ . (4.33)
The last two lines give the Bertotti-Robinson solution of Einstein–Maxwell equations.
Notice that in the literature on the subject it is customary to use other coordinates where the
horizon is at r =∞. In particular, the use of these coordinates facilitates the analysis in [18].
In this paper we refrain from using such a coordinate system.
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From (4.32) it follows that in the near horizon limit the space–time geometry is the product of
a two-dimensional sphere of radius M and a two-dimensional pseudo Riemannian space–time
with the metric
ds2 = −
( r
M
)2
dt2 +
(
M
r
)2
dr2 . (4.34)
The latter proves to be the metric of AdS2. To summarize, the background geometry is that
of the AdS2 × S2 space–time with 2–form flux.
Having fixed the background fields, we then consider the action of a relativistic particle on such
a background
S = −
∫
dt
(
m
√
(r/M)2 − (M/r)2r˙2 −M2(θ˙2 + sin2 θϕ˙2) + eqr/M2 + ep cos θϕ˙
)
. (4.35)
Here m and e are the mass and the electric charge of a particle, respectively.
The particle dynamics is most easily analyzed within the Hamiltonian formalism. Introducing
the momenta (pr, pθ, pϕ) canonically conjugate to the configuration space variables (r, θ, ϕ), one
finds the Hamiltonian
H = (r/M)
(√
m2 + (r/M)2p2r + (1/M)
2(p2θ + sin
−2 θ(pϕ + ep cos θ)
2) + eq/M
)
, (4.36)
which generates time translations. In agreement with the isometries of the background metric
one also finds the conserved quantities
K =M3/r
(√
m2 + (r/M)2p2r + (1/M)
2(p2θ + sin
−2 θ(pϕ + ep cos θ)
2)− eq/M
)
+
+ t2H + 2trpr , D = tH + rpr ,
(4.37)
which generate special conformal transformations and dilatations, respectively. Together with
the Hamiltonian they form so(2, 1) algebra.
From these expressions we immediately get the angular part of our system
I = p2θ +
(pϕ + s cos θ)
2
sin2 θ
+ (mM)2 − (eq)2, ω = dpθ ∧ dθ + dpϕ ∧ dϕ. (4.38)
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It is precisely the spherical Landau problem (Hamiltonian system, describing the motion of the
particle on the sphere in the presence of constant magnetic field generated by Dirac monopole),
shifted on the constant I0 = (mM)2 − (eq)2. Here and through this section we will use the
notation
s = ep , (4.39)
which is precisely the Dirac’s “monopole number”.
For the construction of action-angle variables of the obtained system, let us introduce the
generating function (4.27), where the second term looks as follows
S0(I, pϕ, θ) =
∫
I=const
dθ
√
I − (mM)2 + (eq)2 − (pϕ + s cos θ)
2
sin2 θ
=
=

2|s| arcsin |s|√
I˜
cot θ
2
− 2
√
I˜ + s2 arctan
√
I˜+s2 cot θ
2√
I˜−s2 cot2 θ
2
for pϕ = s
−2|s| arcsin |s|√
I˜
tan θ
2
+ 2
√
I˜ + s2 arctan
√
I˜+s2 tan θ
2√
I˜−s2 tan2 θ
2
for pϕ = −s√
I˜ + s2
[
2 arctan t−∑±√((1± b)2 − a2) arctan (1±b)t±a√(1±b)2−a2
]
, for |pϕ| 6= |s|
. (4.40)
Here we introduce the notation
I˜ = I − (mM)2 + (eq)2,
a2 =
I˜2 − (p2ϕ − s2)I˜
(I˜ + s2)2 , b = −
spϕ
I˜ + s2 ,
t =
a−√a2 − (cos θ − b)2
cos θ − b .
(4.41)
Hence, the equation pϕ = ±s defines critical points, where the system changes its behaviour.
For the non-critical values pϕ 6= ±s we get, by the use of standard methods [1], the following
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expressions for the action-angle variables,
I1 =
√
I˜ + s2 − |s+ pϕ|+ |s− pϕ|
2
,
Φ1 = − arcsin (I˜ + s
2) cos θ + spϕ
I˜2 − (p2ϕ − s2)I˜
I2 = pϕ,
Φ2 = ϕ+ γ1Φ1 + γ2 arctan
(
a− (1− b)t√
(1− b)2 − a2
)
+ γ3 arctan
(
a+ (1 + b)t√
(1 + b)2 − a2
)
(4.42)
where
(γ1, γ2, γ3) =

sgn(I2)(1, −1, 1) for |I2| > |s|
sgn(s)(0, −1, −1) for |I2| < |s|
(4.43)
Respectively, the Hamiltonian reads
I =
(
I1 +
|s+ I2|+ |s− I2|
2
)2
+ (mM)2 − (eq)2 − s2 =
=

(I1 + |I2|)2 + (mM)2 − (eq)2 − s2 for |I2| > |s|
(I1 + |s|)2 + (mM)2 − (eq)2 − s2 for |I2| < |s|
(4.44)
The effective frequencies Ω1,2 = ∂I/∂I1,2 looks as follows
Ω1 =

2(I1 + |I2|) for |I2| > |s|
2(I1 + |s|) for |I2| < |s|
,
Ω2 =
 2(I1 + |I2|)sgnI2 for |I2| > |s|0 for |I2| < |s| .
(4.45)
It is seen, that in subcritical regime, |I2| < s, the frequency Ω2 becomes zero, while frequency
Ω1 depends on I1 only. In overcritical regime, when |I2| > s, the frequencies Ω1 and Ω2 coincides
modulo to sign:the frequency Ω2 is positive for positive values of I2 (which is precisely angular
momentum pϕ), and vice versa. This is essentially different from the periodic motion in the
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spherical part of the “Kerr particle” observed in [64], where the critical point separated two
phases, both of which corresponded to the two-dimensional motion, but with opposite sign of
Ω2.
So, in both regimes the trajectories are closed, and the motion is effectively one-dimensional
one. It reflects the existence of the additional constant of motion in the system (4.38), reflecting
the so(3) invariance of the spherical Landau problem. In other words, it is superintegrable one.
In action-angle variables the additional constant of motion reads Iadd = sin(Φ1−Φ2) (cf.[34, 30]).
Now, let us write down the expressions for action-angle variables at the critical point pϕ = ±s,
I1 = 2(
√
I˜ + s2 − |s|) , Φ1 =

−2 arctan
√
I˜+s2 cot θ
2√
I˜−s2 cot2 θ
2
for pϕ = s
2 arctan
√
I˜+s2 tan θ
2√
I˜−s2 tan2 θ
2
for pϕ = −s
(4.46)
Respectively, the Hamiltonian reads
I = (I1
2
+ |s|)2 + (mM)2 − (eq)2 − s2 (4.47)
Notice, that the obtained action variable is not the corresponding limit of (4.42).
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Cle´ment-Gal’tsov black hole
Now, let us consider the motion of a particle near the horizon of extremal rotating Cle´ment-
Gal’tsov(dilaton–axion) black hole [65]. The conformal generators of this particle system (with
mass m and “effective monopole number” s,which was refereed in [63, 65] as “effective electric
charge” e) read [63]
H =r
(√
m2 + (rpr)
2 + p2θ + sin
−2 θ[pϕ − s cos θ]2 − pϕ
)
,
K =
1
r
(√
m2 + (rpr)
2 + p2θ + sin
−2 θ[pϕ − s cos θ]2 + pϕ
)
,
D =rpr.
(4.48)
The Casimir of conformal algebra is given by the expression
I = p2θ +
(pϕ cos θ − s)2
sin2 θ
+m2. (4.49)
The second term in generating function for the action-angle variables (4.27) can be explicitly
integrated in elementary functions (its explicit expression could be found, e.g. in Appendix in
[3])
S0 =
∫
I=const
dθ
√
I −m2 − (pϕ cos θ − s)
2
sin2 θ
=
=

−2|s| arcsin |s| tan θ2√I−m2 + 2
√I −m2 + s2 arctan
√I−m2+s2 tan θ
2√
I−m2−s2 tan2 θ
2
for pϕ = s
2|s| arcsin |s| cot θ2√I−m2 − 2
√I −m2 + s2 arctan
√I−m2+s2 cot θ
2√
I−m2−s2 cot2 θ
2
for pϕ = −s√I −m2 + p2ϕ [2 arctan t−∑±√((1± b)2 − a2) arctan (1±b)t±a√(1±b)2−a2
]
, for |pϕ| 6= |s|
(4.50)
where we introduced the notation
a2 ≡ (I −m
2)2 + (I −m2)(p2ϕ − s2)
(I −m2 + p2ϕ)2
,
b ≡ spϕI −m2 + p2ϕ
,
t =
a−√a2 − (cos θ − b)2
cos θ − b .
(4.51)
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Hence, the equation pϕ = ±s defines critical points, where the system changes its behaviour.
For the non-critical values pϕ 6= ±s we get, by the use of standard methods [1], the following
expressions for the action-angle variables,
I1 =
√
I −m2 + p2ϕ −
|s+ pϕ|+ |s− pϕ|
2
,
Φ1 = − arcsin
(I −m2 + p2ϕ) cos θ − spϕ√
(I −m2)2 + (I −m2)(p2ϕ − s2)
(4.52)
I2 = pϕ,
Φ2 = ϕ+ γ1Φ1 + γ2 arctan
(
a− (1− b)t√
(1− b)2 − a2
)
+ γ3 arctan
(
a+ (1 + b)t√
(1 + b)2 − a2
) (4.53)
where
(γ1, γ2, γ3) =

sgn(I2)(1, −1, 1) for |I2| > |s|
sgn(s)(0, 1, 1) for |I2| < |s|
(4.54)
Respectively, the Hamiltonian reads
I =
(
I1 +
|s+ I2|+ |I2 − s|
2
)2
− I22 +m2 =

(I1 + |I2|)2 − I22 +m2 for |I2| > |s|
(I1 + |s|)2 − I22 +m2 for |I2| < |s|
. (4.55)
In the critical points pϕ = ±s, the action-angle variables read
I1 = 2(
√
I −m2 + s2 − |s|), Φ1 =

2 arctan
√I−m2+s2 tan θ
2√
I−m2−s2 tan2 θ
2
for pϕ = s
−2 arctan
√I−m2+s2 cot θ
2√
I−m2−s2 cot2 θ
2
for pϕ = −s
(4.56)
Inverting the first expression, we shall get the expression for Hamiltonian
I = (I1
2
+ |s|)2 +m2 − s2 (4.57)
Let us notice, that the action variable at the critical point is different from the corresponding
limit of (4.52).
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To clarify the meaning of critical point let us calculate the effective frequencies of the system,
Ω1,2 = ∂I/∂I1,2,
Ω1 =
 2(I1 + |I2|) for |I2| > |s|2(I1 + |s|) for |I2| < |s| , Ω2 =
 2I1sgnI2 for |I2| > |s|−2I2 for |I2| < |s| . (4.58)
It is seen from this expressions, that in contrast with previous case, the system does not
possess the hidden symmetries. The motion is nondegenerated in noncritical regimes. So, in
contrast with Reissner-Nordstro¨m case, the system is essentially two-dimensional one, and its
trajectories are unclosed. The frequencies Ω1 are the same in the both cases, while Ω2 are
essentially different. Moreover, frequency Ω2 behaves in essentially different ways in subcritical
and overcritical regimes. In the first case it is proportional to I1, and in the second case to I2.
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5 HIGHER-DIMENSIONAL GENERALIZATIONS
5.1 Near horizon metrics
Myers–Perry black hole in d = 2n+ 1
A vacuum solution of the Einstein equations describing the Myers–Perry black hole in d = 2n+1
dimensions for the special case that all n rotation parameters are equal reads [83]
ds2 =
∆
U
(
dt− a
n∑
i=1
µ2idφi
)2
− U
∆
dr2 − 1
r2
n∑
i=1
µ2i
(
adt− (r2 + a2)dφi
)2
−(r2 + a2)
n∑
i=1
dµ2i +
a2(r2 + a2)
r2
n∑
i<j
µ2iµ
2
j (dφi − dφj)2, (5.1)
∆ =
(r2 + a2)
n
r2
− 2M, U = (r2 + a2)n−1, µ2n = 1−
n−1∑
i=1
µ2i ,
where M stands for the mass and a is the rotation parameter. In what follows we focus on the
extremal solution, for which
M =
nnr0
2n−2
2
, a2 = (n− 1)r20. (5.2)
These conditions follow from the requirement that ∆(r) has a double zero at the horizon radius
r = r0.
The isometry group of (5.1) is U(1)× U(n). The first factor corresponds to time translations,
while the second factor describes the enhanced symmetry U(1)n → U(n), which occurs if
all rotation parameters of the black hole are set equal. In order to make U(n) explicit, one
parametrizes n spatial two–planes, in which the black hole may rotate, by the coordinates (see,
e.g., Ref. [84])
xi = rµi cosφi, yi = rµi sinφi, (5.3)
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where i = 1, . . . , n, and constructs the vector fields
ξij = xi
∂
∂xj
− xj ∂
∂xi
+ yi
∂
∂yj
− yj ∂
∂yi
,
ρij = xi
∂
∂yj
− yj ∂
∂xi
+ xj
∂
∂yi
− yi ∂
∂xj
.
(5.4)
These are antisymmetric and symmetric in their indices, respectively, and obey the structure
relations of u(n)2
[ξij , ξrs] = δjrξis + δisξjr − δirξjs − δjsξir,
[ρij , ρrs] = −δjrξis − δirξjs − δisξjr − δjsξir,
[ξij , ρrs] = δjrρis + δjsρir − δirρjs − δisρjr.
(5.5)
It is straightforward to verify that (5.4) are the Killing vectors of the original black hole metric.
Another way to reveal the U(n)–symmetry is to introduce the complex coordinates
zj = rµje
iφj (5.6)
and rewrite the metric in terms of them. In the complex notation the unitary symmetry is
manifest.
In order to construct the near horizon metric, one redefines the coordinates [77]
r → r0 + ǫr0r, t → nr0t
2(n− 1)ǫ, φi → φi +
r0t
2aǫ
(5.7)
and then sends ǫ to zero. This yields
ds2 = r2dt2 − dr
2
r2
− 2n(n− 1)
n∑
i=1
dµ2i − 2
n∑
i=1
µ2i (rdt+ n
√
n− 1dφi)2+
+ 2n(n− 1)2
n∑
i<j
µ2iµ
2
j(dφi − dφj)2, µ2n = 1−
n−1∑
i=1
µ2i .
(5.8)
2The conventional structure relations of u(n) are derived form (5.5) by considering another basis Eab =
1
2
(ξab + iρab), the Casimir elements of u(n) being C1 = Ei1i1 , C2 = Ei1i2Ei2i1 , . . . , Cn = Ei1i2Ei2i3 . . . Eini1 .
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It is straightforward to verify that (5.8) is a vacuum solution of the Einstein equations. The near
horizon metric has a larger symmetry. In addition to U(1)× U(n) transformations considered
above, the isometry group of (5.8) includes the dilatation
t′ = t+ λt, r′ = r − λr, (5.9)
and the special conformal transformation
t′ = t+ (t2 +
1
r2
)σ, r′ = r − 2trσ, φ′i = φi −
2
rn
√
n− 1σ, (5.10)
which all together form SO(2, 1) × U(n), the first factor being the conformal group in one
dimension.
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Myers–Perry black hole in d = 2n
A vacuum solution of the Einstein equations describing the Myers–Perry black hole in d = 2n
dimensions for the special case that all n− 1 rotation parameters are equal, reads [83]
ds2 =
∆
U
(
dt− a
n−1∑
i=1
µ2idφi
)2
− U
∆
dr2 − (r
2 + a2)
n−2
rU
n−1∑
i=1
µ2i
(
adt− (r2 + a2)dφi
)2
− (r2 + a2)
n−1∑
i=1
dµ2i − r2dµ2n +
a2(r2 + a2)
n−1
rU
n−1∑
i<j
µ2iµ
2
j(dφi − dφj)2,
∆ =
1
r
(r2 + a2)
n−1 − 2M, U = 1
r
(r2 + a2)
n−2
(r2 + a2µ2n), µ
2
n = 1−
n−1∑
i=1
µ2i ,
(5.11)
where M is the mass and a is the rotation parameter. As compared to the previous case, the
number of the azimuthal coordinates is decreased by one. For the extremal solution ∆ has a
double zero at the horizon radius r = r0. In particular, from ∆(r0) = 0 and ∆
′(r0) = 0 one
finds
M =
r2n−30 [2(n− 1)]n−1
2
, a2 = (2n− 3)r20. (5.12)
The isometry group of (5.11) includes time translations and the enhanced rotational symmetry
U(1)n−1 → U(n− 1), which is a consequence of setting all the rotation parameters equal. The
unitary symmetry is manifest in the complex coordinates
zj = µje
iφj = xj + iyj. (5.13)
The corresponding Killing vector fields are realized as in Eq. (5.4) with xi and yi taken from
the previous line.
In order to implement the near horizon limit, one redefines the coordinates
r → r0 + ǫr0r, t → 2(n− 1)r0t
(2n− 3)ǫ , φi → φi +
r0t
aǫ
, (5.14)
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and then sends ǫ to zero, which yields [77]
ds2 = ρ20
(
r2dt2 − dr
2
r2
)
− 2(n− 1)
n−1∑
i=1
dµ2i − dµ2n+
+
2(n− 1)
ρ20
n−1∑
i<j
µ2iµ
2
j(dφi − dφj)2 −
4
(2n− 3)2ρ20
n−1∑
i=1
µ2i (rdt+ (n− 1)
√
2n− 3dφi)2,
ρ20 =
1 + (2n− 3)µ2n
2n− 3 , µ
2
n = 1−
n−1∑
i=1
µ2i .
(5.15)
It is straightforward to verify that (5.15) is a vacuum solution of the Einstein equations. Like in
d = 2n+ 1, the near horizon metric exhibits additional conformal symmetry, which is realized
as in Eqs. (5.9) and (5.10) with the obvious alteration of the special conformal transformation
φ′i = φi −
2
r(n− 1)√2n− 3σ (5.16)
acting on the azimuthal angular variables. Thus, for d = 2n the near horizon symmetry is
SO(2, 1)× U(n− 1).
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5.2 Extremal Myers-Perry black hole in d = 2n+ 1
For the spherical mechanics (4.20) associated with the extremal rotating black hole in d = 2n+1
dimensions the reduction (4.22) yields3
I =
n−1∑
i,j=1
(δij − µiµj)pµipµj +
n∑
i=1
g2i
µ2i
, µ2n = 1−
n−1∑
i=1
µ2i . (5.17)
Since the first term in (5.17) involves the inverse metric on an (n− 1)–dimensional sphere, the
model can be interpreted as a particle moving on Sn−1 in the external field.
The analysis of integrability of (5.17) is facilitated in spherical coordinates. Introducing one
angle at a time
µn = cos θn−1, µi = xi sin θn−1,
n−1∑
i=1
x2i = 1 (5.18)
and computing the metric induced on the sphere
∑n
a=1 dµ
2
a and its inverse, one can bring (5.17)
to the form
I = p2θn−1 +
g2n
cos2 θn−1
+
1
sin2 θn−1
(
n−2∑
i,j=1
(δij − xixj)pipj +
n−1∑
i=1
g2i
x2i
)
,
x2n−1 = 1−
n−2∑
i=1
x2i ,
(5.19)
where pi are momenta canonically conjugate to xi, i = 1, . . . , n − 2. Thus, the canonical
pair (θn−1, pθn−1) is separated, while the expression in braces gives the first integral of the
Hamiltonian (5.19). Because its structure is analogous to (5.17), one can proceed along the
same lines
xn−1 = cos θn−2, xa = ya sin θn−2,
n−2∑
a=1
y2a = 1 (5.20)
until one achieves a complete separation of the variables. The resulting Hamiltonian is a kind
of matryoshka doll
I = Fn−1, (5.21)
3We denote the reduced Hamiltonian by the same letter I. This does not cause confusion, because, from
now on, we abandon the parent formulations (4.20) and (4.21).
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where Fn−1 is derived from the recurrence relation
Fi = p
2
θi
+
g2i+1
cos2 θi
+
Fi−1
sin2 θi
, (5.22)
with i = 1, . . . , n − 1 and F0 = g21. The functionally independent integrals of motion in
involution Fi ensure the integrability of (5.17). To avoid confusion, let us stress that, given n,
the Hamiltonian (5.21) describes a system with (n− 1) configuration space degrees of freedom.
Note that in a different context this model has been discussed in [84]. Worth mentioning also is
that, if a system with the Hamiltonian Fi−1 has some integrals of motion, these automatically
are the integrals of motion of a larger system governed by the Hamiltonian Fi. For n = 2 Eq.
(5.19) reproduces the celebrated Po¨schl–Teller model [85].
Although the integrability of (5.17) is obvious in spherical coordinates, the fact that the model
is maximally superintegrable is less evident. In order to prove it, we resort to the parent
formulation (4.20) and analyze how the reduction (4.22) affects the symmetries (5.4) 4. First
of all, we notice that ρii (no summation over repeated indices) generates rotation in the i–th
plane. Within the canonical framework it is represented by ρii = 2pφi. Then the very nature of
the reduction mechanism (4.22) suggests that those generators in (5.4), which Poisson commute
with ρii, will be symmetries of the reduced Hamiltonian (5.17). Because (4.20) was constructed
from the Casimir elements of u(n), it is straightforward to verify that the combinations (no
summation over repeated indices)
Iij = ξ
2
ij + ρ
2
ij (5.23)
with i < j generate the desired symmetries.
Before we proceed to treat the general case, it proves instructive to illustrate the construction by
the examples of n = 3 and n = 4, which correspond to seven–dimensional and nine–dimensional
4A realization of U(n) in (4.20) is derived from Eq. (5.4) by the standard substitution ∂
∂µi
→ pµi , ∂∂φi → pφi ,
which links the Killing vectors to the first integrals of the Hamiltonian mechanics. The Hamiltonian (4.20) proves
to be a combination of the first two Casimir elements ξ2ij + ρ
2
ij and (ρii)
2
.
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black hole configurations. For n = 3 the Hamiltonian reads5
I2 = p2θ2 +
g23
cos2 θ2
+
1
sin2 θ2
(
p2θ1 +
g21
sin2 θ1
+
g22
cos2 θ1
)
. (5.24)
In order to construct the integrals of motion, one makes use of (5.3) and (5.4)
ξ12 = −pθ1 cosφ12 + (pφ1 cot θ1 + pφ2 tan θ1) sinφ12,
ξ13 = − (pθ1 cos θ1 cot θ2 + pθ2 sin θ1) cosφ13 +
(
pφ1
cot θ2
sin θ1
+ pφ3 sin θ1 tan θ2
)
sinφ13,
ξ23 = (pθ1 sin θ1 cot θ2 − pθ2 cos θ1) cosφ23 +
(
pφ2
cot θ2
cos θ1
+ pφ3 cos θ1 tan θ2
)
sinφ23,
ρ12 = pθ1 sin φ12 + (pφ1 cot θ1 + pφ2 tan θ1) cos φ12,
ρ13 = (pθ1 cos θ1 cot θ2 + pθ2 sin θ1) sinφ13 +
(
pφ1
cot θ2
sin θ1
+ pφ3 sin θ1 tan θ2
)
cosφ13,
ρ23 = − (pθ1 sin θ1 cot θ2 − pθ2 cos θ1) sin φ23 +
(
pφ2
cot θ2
cos θ1
+ pφ3 cos θ1 tan θ2
)
cosφ23,
ρ11 = 2pφ1 , ρ22 = 2pφ2, ρ33 = 2pφ3, (5.25)
where we abbreviated φij = φi − φj, which after implementing the reduction (4.22) yield
I˜12 = p
2
θ1 +
g21
sin2 θ1
+
g22
cos2 θ1
,
I˜13 = (pθ1 cos θ1 cot θ2 + pθ2 sin θ1)
2 +
(
g1
cot θ2
sin θ1
+ g3 sin θ1 tan θ2
)2
,
I˜23 = (pθ1 sin θ1 cot θ2 − pθ2 cos θ1)2 +
(
g2
cot θ2
cos θ1
+ g3 cos θ1 tan θ2
)2
. (5.26)
It is straightforward to verify that the vectors ∂AI˜ij , where A = (θ1, θ2, pθ1, pθ2) are linearly inde-
pendent and, hence, the first integrals are functionally independent. Because the Hamiltonian
is constructed from I˜ij
6
I2 = I˜12 + I˜13 + I˜23 + g3(g3 − 2g1 − 2g2), (5.27)
5Here and in what follows the subscript attached to the Hamiltonian refers to the number of configuration
space degrees of freedom in the model.
6Recall that the parent Hamiltonian (4.20) was constructed from the Casimir elements of u(n). Up to a
constant, the sum
∑n
i<j=1 I˜ij is what is left after the reduction.
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one has three functionally independent integrals of motion for a system with two degrees of
freedom and, hence, the model is maximally superintegrable. Note that the algebra formed
by I˜ij is nonlinear. It is convenient to treat the Hamiltonian I2 (with the additive constant
g3(g3 − 2g1 − 2g2) being discarded) and I˜12 as the first integrals in involution, while I˜23 is the
additional first integral, which renders the model maximally superintegrable.
The case n = 4 is treated likewise. From Eqs. (5.21) and (5.22) one derives the Hamiltonian
I3 = p2θ3 +
g24
cos2 θ3
+
1
sin2 θ3
[
p2θ2 +
g23
cos2 θ2
+
1
sin2 θ2
(
p2θ1 +
g22
cos2 θ1
+
g21
sin2 θ1
)]
,
(5.28)
while the first integrals prove to be exhausted by those in (5.26) and three more functions
I˜14 =
(
pθ1
cos θ1 cot θ3
sin θ2
+ pθ2 sin θ1 cos θ2 cot θ3 + pθ3 sin θ1 sin θ2
)2
+
(
g1
cot θ3
sin θ1 sin θ2
+
g4 sin θ1 sin θ2 tan θ3
)2
,
I˜24 =
(
pθ1
sin θ1 cot θ3
sin θ2
− pθ2 cos θ1 cos θ2 cot θ3 − pθ3 cos θ1 sin θ2
)2
+
(
g2
cot θ3
cos θ1 sin θ2
+
g4 cos θ1 sin θ2 tan θ3
)2
,
I˜34 =
(
pθ2 sin θ2 cot θ3 − pθ3 cos θ2
)2
+
(
g3
cot θ3
cos θ2
+ g4 cos θ2 tan θ3
)2
. (5.29)
As in the preceding case, the Hamiltonian is a combination of I˜ij
I3 =
4∑
i<j
I˜ij + (g3 − g4)2 − 2g1(g3 + g4)− 2g2(g3 + g4). (5.30)
Because for a system with n configuration space degrees of freedom the maximal number of
functionally independent integrals of motion is 2n−1, the set (5.26) and (5.29) is overcomplete
and only five functions prove to be independent.
That for generic n the model is maximally superintegrable can now be proved by induction. For
n = 2 the systems involves only one configuration space degree of freedom and the Hamiltonian
is the only integral of motion. For n = 3 we choose I2, I˜12 and I˜23 to be the functionally
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independent first integrals. When passing from n = 3 to n = 4, the integrals of motion of
the former model are automatically the integrals of motion of the latter. To complete the
set, we choose I3 and I˜34. Obviously, this process can be continued to any order. Given
a superintegrable system with the Hamiltonian In−1, n − 1 configuration space degrees of
freedom and 2(n−1)−1 functionally independent integrals of motion, one introduces one more
configuration space degree of freedom and two new integrals of motion In and
I˜n−1,n =
(
pθn−2 sin θn−2 cot θn−1 − pθn−1 cos θn−2
)2
+
(
gn−1
cot θn−1
cos θn−2
+ gn cos θn−2 tan θn−1
)2
,
(5.31)
which all together describe a system with n configuration space degrees of freedom and 2n− 1
functionally independent integrals of motion.
Let us construct the action–angle variables for the system. Following the standard procedure
[1], one introduces the generating function
Sodd(Fi, |gi|, θi) =
n−1∑
i=1
∫
pθi(F1, . . . , Fn−1, θi)dθi, (5.32)
where pθi(F1, . . . , Fn−1, θi) are to be expressed from (5.22). For the action variables one has
Ii =
1
2π
∮
dθi
√Fi − Fi−1
sin2 θi
− g
2
i+1
cos2 θi
 = 1
2
(
√
Fi −
√
Fi−1 − |gi+1|), (5.33)
which can be inverted to yield
Fi =
(
2
i∑
k=1
Ik +
i+1∑
k=1
|gk|
)2
. (5.34)
The angle variables are defined by
Φoddi =
∂Sodd
∂Ii
=
n−1∑
k=i
arcsinXk + 2
n−1∑
k=i+1
arctanYk, (5.35)
where we abbriviated
Xk =
(Fk+Fk−1−g2k+1)−2Fk sin2 θk√
(−Fk+Fk−1−g2k+1)
2−4Fkg2k+1
Yk = 2
(Fk+Fk−1−g2k+1)
√
Fk sin
2 θk cos2 θk−Fk−1 cos2 θk−g2k+1 sin2 θk−sin2 θk
√
Fk(Fk+Fk−1−g2k+1)
2−F 2
k
Fk−1√
Fk−1(Fk+Fk−1−g2k+1)−2Fk sin2 θk)
(5.36)
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Being rewritten in the action–angle variables, the Hamiltonian reads
I =
(
2
n−1∑
k=1
Ik +
n∑
k=1
|gk|
)2
, (5.37)
which coincides with the Hamiltonian of a free particle on an (n − 1)–dimensional sphere up
to the shift of the action variables [30, 31]. Thus, the only difference with that case is the shift
in the range of
∑
k Ik from [0,∞) to [
∑n
k=1 |gˆk|,∞). Thus, the system possesses SO(n + 1)
symmetry and is, obviously, maximally superintegrable.
Let us discuss how hidden constants of the motion can be revealed within the action–angle
formulation. Evolution of the angle variables is governed by the equation (see, e.g., Refs.
[30, 34])
dΦoddi
dt
= 2
(
2
n−1∑
k=1
Ik +
n∑
k=1
|gk|
)
. (5.38)
The expressions cos(Φoddi −Φoddj +const) define constants of the motion for any i, j = 1, . . . , n−1
and only n− 2 of these are functionally independent
Gi = cos
(
Φoddi − Φoddi+1
)
=
√
1−X2i (1− Y 2i+1)− 2XiYi+1
1 + Y 2i+1
, (5.39)
where i = 1, . . . , n − 2. Because the (n − 1)–dimensional system has (2n − 3) functionally
independent constants of the motion, it is maximally superintegrable. The fact that the Hamil-
tonian is expressed via the action variables in terms of elementary functions implies also that
the system is exactly solvable.
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5.3 Extremal Myers-Perry black hole in d = 2n+ 2
For the spherical mechanics (4.21) associated with the extremal rotating black hole in d = 2n
dimensions the reduction (4.22) yields
I =
n−1∑
i,j=1
((2n− 3)ρ20δij − µiµj)pµipµj +
n−1∑
i=1
(2n− 3)ρ20g2i
µ2i
+ ν
n−1∑
i=1
µ2i , (5.40)
where ν and gi are coupling constants and ρ
2
0 is given in (4.21).
Like above, the proof of superintegrability of (5.40) is facilitated by introducing the spherical
coordinates
µi = xi sin θn−1,
n−1∑
i=1
x2i = 1 ⇒
n−1∑
i=1
µ2i = sin
2 θn−1. (5.41)
In order to transform the kinetic term in (5.40), one inverts the metric then computes the line
element in spherical coordinates and then inverts it again. This yields
I = 2(n−1)p2θn−1+ν sin2 θn−1+
(
2(n− 1)
sin2 θn−1
− 2n+ 3
)( n−2∑
i,j=1
(δij − xixj)pipj +
n−1∑
i=1
g2i
x2i
)
, (5.42)
where pi are momenta canonically conjugate to xi, i = 1, . . . , n − 2. Beautifully enough, the
rightmost factor in (5.42) is the Hamiltonian of a particle on Sn−2, which was studied in detail
in the preceding Section. This sector provides 2(n−2)−1 functionally independent integrals of
motion, which correlates with the U(n−1) symmetry of the parent formulation (4.21). Because
(5.42) involves one more canonical pair (θn−1, pθn−1) and only one extra integral of motion (the
Hamiltonian (5.42) itself), the full theory lacks for only one integral of motion to be maximally
superintegrable.
Let us construct action–angle variables for the system. In order to simplify the bulky formulae
below, from now on we change the notation n → n + 1, which corresponds to a black hole in
d = 2(n + 1) dimensions. To avoid confusion, the corresponding Hamiltonian will be denoted
by I0
I0 = 2np2θn + ν sin2 θn +
(
2n
sin2 θn
− 2n+ 1
)
Fn−1, (5.43)
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with Fn−1 given in (5.22). One starts with the generating function
Seven =
n∑
i=1
∫
pθi(I0, F1, . . . , Fn−1, θi)dθi =
∫
pθn(I0, Fn−1, θn)dθn + Sodd, (5.44)
where Sodd has the structure similar to (5.32), and the expression for pθn is derived from the
Hamiltonian I0. The action variables I1, . . . In−1 coincide with those in the odd–dimensional
case, while for In one gets
In =
√
−a−ν
8n
a+F1
(
1
2
, 1,−1
2
, 2, a+,
a+
a−
)
, (5.45)
where F1 is Appell’s first hypergeometric function (see e.g. [86]) and
a± = 1− I0
2ν
− 2n− 1
2ν
Fn−1 ±
√(
1− I0
2ν
− 2n− 1
2ν
Fn−1
)2
+
I0
ν
− Fn−1
ν
− 1. (5.46)
Inverting this expressions, we would get the Hamiltonian written in terms of the action vari-
ables. Unfortunately, this cannot be done in elementary functions. While the system under
consideration is integrable, it fails to be exactly solvable.
The angle variable conjugated to In reads
Φevenn =
∂I0
∂In
1√
8νna+
F
(
arcsin
√
a+
a+ − cos2 θn , 1−
a−
a+
)
, (5.47)
while other (n− 1) angle variables are defined by the expressions
Φeveni = Φ
odd
i −AΠ
(
1− 1
a+
, arcsin
√
a+
a+ − cos2 θn , 1−
a−
a+
)
+BF
(
arcsin
√
a+
a+ − cos2 θn , 1−
a−
a+
)
,
(5.48)
where Φoddi were defined in the preceding section, F(φ|m) is the elliptic integral of the first
kind, Π(n;φ|m) is the elliptic integral of the third kind, and we abbriviated
A =
√
8nFn−1
ν
1√
a+(a+ − 1) , B = A +
√
2Fn−1√
nνa+
(
∂I0
∂Fn−1
+ 2n− 1
)
. (5.49)
It follows from (5.45) and (5.46), that the ratio of the effective frequencies ω1 = ∂I/∂In and
ω2 = ∂I/∂Fn−1 is not a rational number. Furthermore, it is a function of the action variables.
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Hence, although (ω2Φn − ω1Φi) commute with the Hamiltonian I0, they are not periodic. As
a result, using these functions one cannot define additional globally defined constants of the
motion (for a related discussions see [34, 30]). All hidden symmetries of the model are thus
contained in (5.39). Because the n-dimensional system has n + (n− 2) = 2n − 2 constants of
the motion, it lacks for only one first integral to be maximally superintegrable system.
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SUMMARY
Here we recollect the main results of this thesis.
• We have suggested using the action-angle variables for the study of a (quasi)particle in
quantum ring. We have presented the action-angle variables for three two-dimensional
singular oscillator systems, which play the role of the confinement potential for the quan-
tum ring. The first one is the usual (Euclidean) singular oscillator in constant magnetic
field, the other two are spherical generalizations of the first one - singular Higgs oscillator
and singular CP 1 oscillator in constant magnetic field.
• We have suggested a procedure of constructing new integrable systems form the known
ones, by adding a radial part to the angular Hamiltonian. Using this method we have
constructed a class of integrable generalizations of oscillator and Coulomb systems on
N -dimensional Euclidian space RN , sphere SN and hyperboloid HN . We have computed
the explicit expressions for action-angle variables for systems with oscillator and Coulomb
potentials on Euclidean space, on the sphere and on the hyperboloid.
As an example, we have constructed the spherical (SN) and pseudospherical (HN) gener-
alization of the two-dimensional superintegrable models introduced by Tremblay, Turbiner
andWinternitz and by Post and Winternitz. We have demonstrated the superintegrability
of these systems and have written down their hidden constants of motion.
• We have developed the methods of study of conformal mechanics, based on separation of
the radial and angular parts of the Hamiltonian of the system.
We have studied the angular part as a new Hamiltonian system with finite motion and
suggested a method to construct the constants of motion of the new system from the
constants of motion of the initial conformal system.
We have illustrated the effectiveness of this method on the example of the rational A3
Calogero model and its spherical mechanics (which defines the cuboctahedric Higgs os-
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cillator). For the latter we have constructed a complete set of functionally independent
constants of motion, proving its superintegrability.
• We have closely explored the conformal mechanics associated with near-horizon motion
of massive relativistic particle in the field of extremal black holes in arbitrary dimensions
by separating the radial and angular parts of conformal mechanics and studying the
angular part using the action-angle variables. We have proved, that by applying a proper
canonical transformation one can bring the above mentioned model to the conventional
conformal mechanics form. We have writted down the explicit expressions of the above
mentioned canonical transformation for a large class of extremal black holes.
• We have studied in details the near-horizon motion of massive relativistic particle in the
field of extremal Reissner-Nordstro¨m black hole with magnetic momentum. We have
shown that the angular part of this system is equivalent to the spherical Landau problem,
and has a hidden constant of motion. We have found a “critical point” that divides the
different phases of effective periodic motion.
We have analysed the near-horizon motion of massive relativistic particle in the field
of extremal Cle´ment-Gal’tsov (Dilaton-Axion) black hole. In contrast with Reissner-
Nordstro¨m case, the angular part of this system does not possess hidden constant of
motion. We have found a critical point that divide the phases (both effectively two-
dimensional ones) of rotations in opposite directions.
• We have inspected the integrability of spherical mechanics models associated with the
near horizon extremal Myers-Perry black hole in arbitrary dimension for the special case
that all rotation parameters are equal.
As in the previous cases, we have extracted the spherical part of the initial Hamiltonian
and studied it as a new system. We have performed a step-by-step transformation to
generalized spherical coordinates, constructing a new constant of motion on every step.
We have proved the superintegrability of the new system and demonstrated that the
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spherical mechanics associated with the black hole in odd dimensions is maximally su-
perintegrable, while its even-dimentsional counterpart lacks for only one constant of the
motion to be maximally superintegrable.
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